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Partial Ordered Wasserstein Distance for Sequential Data

Tung Doan,Tuan Phan,Phu Nguyen,Khoat Than,Muriel Visani,Atsuhiro Takasu

ˆ A novel method for calculating the distance between sequences is proposed. Building upon the optimal transport
framework with limited transportation, the resulted distance is �exible when aligning the two sequences and robust
on sequential data that is contaminated by outliers.

ˆ The paper further analyzes the properties of the proposed distance. Based on that, an e�ective procedure is introduced
to automatically and adaptively select the amount of transported mass that is crucial for the outlier robustness of the
proposed distance.

ˆ The application of the proposed method are studied in two tasks, including time-series classi�cation and multi-step
localization.

ˆ Extensive experiments are conducted on widely available public datasets to evaluate the performance of the proposed
distance.
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A B S T R A C T

Measuring the distance between data sequences is a challenging problem, especially in the presence of
outliers and local distortions. Existing measures typically align the two sequences before calculating
their distance based on the di�erence between the corresponding elements. However, those alignments
are not �exible enough to accommodate local distortions and severe e�ects of outliers. In this article,
we propose a novel distance, termed asPartial Ordered Wasserstein(POW), which is �exible to align
two sequences and robust w.r.t outliers. We further analyze some properties of the proposed distance,
and show that POW enables a simple way to automatically and adaptively select the amount of
transported mass, so as to accommodate outliers. Two di�erent applications of POW are then studied:
time-series classi�cation and multi-step localization. Finally, we conduct extensive experiments on
widely available public datasets to evaluate the performance of the proposed distances. Experimental
results, obtained via a thorough experimental protocol, show the performance superiority of POW
over several existing distance measures. Our Python source code is available onhttps://github.com/
TungDP/Partial-Ordered-Wasserstein-Distance

1. Introduction
Sequential data is now ubiquitous in various �elds, in-

cluding computer vision [44, 32, 17], �nance [6, 68], bioin-
formatics [40], and tra�c monitoring [49, 48], to name
a few. Machine learning and data mining tasks involving
sequential data typically require an e�ective distance metric
to compare sequences. However, �nding such a distance is
a challenging problem. Firstly, sequences can have di�erent
lengths, making conventional distance measures for vectors
such as Euclidean distance or its variants mostly inappli-
cable. Secondly, local distortions often occur in sequential
data. For instance, in a sequence of steps to perform the
same action, such as making a Taco Salad, one person may
add tortilla before adding meat, while another person may do
the opposite. Thus, a proper distance metric should be able
to recognize similarity despite such local swaps. Last but
not least, sequential data often contains anomalous elements
due to errors in the data collection process. Therefore, when
measuring the distance between two sequences, there needs
to be a mechanism to remove the in�uence of such outliers.

Many attempts have been made to de�ne a meaningful
distance between sequences. Among those e�orts, Dynamic
Time Warping (DTW) [62] is perhaps the most widely
adopted distance. The calculation begins with aligning the
two sequences using a dynamic programming algorithm
to �nd correspondences between their elements. The �nal
distance is then de�ned as the cumulative sum of di�erences
between corresponding elements, measured by a ground
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distance function. Although DTW is able to compare se-
quences with di�erent lengths, it still su�ers from two severe
limitations. Firstly, it strictly adheres to the monotonicity
constraint, that mandates an ascending order among the
corresponding elements. As sequential data often exhibit
local swaps and distortions, DTW may induce inaccurate
alignments in such cases. Secondly, and more critically,
DTW is sensitive to outliers. By enforcing correspondences
between all elements of both sequences, DTW may align
abnormal elements with normal ones in the presence of
outliers, leading to suboptimal alignments and inaccurate
distance measurements. The alignment example in Figure
1(a) demonstrates how DTW aligns sequences.

Recently, [64] opened up a new direction for solving
the �rst limitation of DTW. More speci�cally, the authors
view elements of the sequence as empirical samples from
an unknown distribution. Alignment between the two se-
quences is then carried out using the Optimal Transport
(OT) framework [70, 58, 71]. Slightly di�erent from the
original version of OT, the authors incorporate two order-
preserving regularizations to take into account the di�er-
ences in positions among the elements. As a result, this
approach e�ectively relaxes the strict constraints in DTW
and shows competitive performance on various sequential
datasets [65, 8, 66]. Despite these advancements, OT-based
distances are still hindered by the outlier issue. Like DTW,
OT mandates transportation between all elements of both
sequences. Consequently, in the presence of outliers in se-
quential data, OT-based methods incorporate anomalous
elements in the alignment, resulting in deteriorated dis-
tance measures. Figure 1(b) shows an example of alignment
obtained using OPW [64] � a representative of OT-based
methods.

In this paper, to fully address the aforementioned issues
of DTW, we introduce a new distance between sequences,
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(a) DTW (b) OPW (c) POW

Figure 1: The alignment matrices returned by (a) DTW, (b) OPW, and (c) POW, respectively, for two video sequences featuring
di�erent subjects performing a walking action taken from the Weizmann dataset. In these matrices, if the entry in position.i; j /
is represented in white, it indicates that thei th frame of the �rst sequence is matched with thej th frame of the second sequence,
and vice versa. In the alignment produced by DTW, if two white cells are at positions.i1; j 1/ and .i2; j 2/, then i1 < i 2 implies
j 1 < j 2. This is the monotonicity constraint that is relaxed in OPW and POW to produce more �exible alignments. It is important
to note that the fourth frame of the second sequence is an outlier and should not be matched to any frame of the �rst sequence.
POW achieves this condition, where the column is marked in green, while the corresponding columns obtained by DTW and
OPW contain a white cell and are marked in red.

namedPartial Order Wasserstein(POW). Its de�nition is
also based on the optimal transport framework. However,
unlike the existing OT-based distances that transport all
the mass from one sequence to the other, POW limits the
amount of transported mass. In this way, the mass from the
abnormal elements of one sequence is prevented from being
transported to elements of the other sequence, and vice-
versa. As a result, it minimizes the impact of outliers on
the distance calculation. In addition, we also incorporate a
simple yet e�ective regularization term into the framework.
This encourages the transportation between elements with
relatively similar positions and prevents transportation be-
tween distant elements. Figure 1(c) illustrates the robust and
�exible alignment returned by POW.

Compared to the regularization terms proposed in [64],
our regularization term is much simpler and more e�ective.
It has a reduced number of hyperparameters, decreasing de-
pendence on the tuning process, which can be very tedious.
In addition, by avoiding introducing a negative term into the
objective function as in [64], our regularization makes the
calculation procedure of the proposed distance more stable.
We note that the robustness of POW is heavily dependent
on the percentage of transported mass. Thus, we provide
an analysis of the proposed distance's properties. Based on
that, we introduce an e�ective procedure for automatically
selecting the amount of mass to be transported.

Finally, we study applications of the proposed distance
in di�erent tasks: time series classi�cation and multi-step lo-
calization. Extensive experiments were conducted on widely
used public datasets to evaluate the performance of the
proposed distance. The results verify that our approaches

are more robust and e�ective in comparison with existing
distance measures for sequential data.

In summary, the contributions of this paper are as fol-
lows:

ˆ Introduction ofPartial Order Wasserstein(POW) -
a novel distance measure for sequential data. Lever-
aging the optimal transport framework with limited
transportation, POW o�ers �exibility in aligning two
sequences and robustness against outliers a�ecting
sequential data.

ˆ Analysis of the POW distance's properties. This anal-
ysis leads to the development of an e�ective procedure
for automatically and adaptively selecting the amount
of transported mass, a crucial aspect for outlier robust-
ness.

ˆ Applications of POW in two tasks, namely time series
classi�cation and multi-step localization.

ˆ Extensive experiments on widely used benchmark
datasets to evaluate the performance of the proposed
distance measure, and an in-depth discussion about
these results.

The rest of this paper is organized as follows: In section
2, we brie�y review existing distance measures for sequen-
tial data. We then present some background in section 3 to
derive the de�nition of a new distance. Section 4 introduces
an outlier-robust method for calculating a novel distance
measure, termed as Partial Ordered Wasserstein (POW)
distance, between two sequences. In this section, we also
present an e�ective procedure for automatically and adap-
tively selecting the amount of transported mass. In section
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5, we study applications of the proposed distance on two
tasks: time series classi�cation and multi-step localization.
Extensive experiments for evaluating the performance of the
proposed distance, as well as an in-depth discussion about
these results, are provided in Section 6. Finally, section 7
concludes the paper.

Notations. We use the following conventions and no-
tations throughout this paper. Lower-case letters in bold
denote vectors, while capital letters in bold denote matrices.
For a matrixA, its entry at position.i; j / is denoted by
ai;j . � x i

represents the Dirac unit mass concentrated at the
elementx i . The simplex inRN is denoted by� N = ^� Ë
RN ð� i g 0 Åi and

³ N
i=1 � i = 1` . êA;BëF represents the

Frobenius inner product of two matricesA andB, calculated
as Tr.Añ B/. For � Ë RN , diag.� / is theN • N matrix
with diagonal� and zero otherwise. We use the notation
1N to represent an N-dimensional column vector with all
entries equal to one, and0N represents an N-dimensional
column vector with all entries equal to zero. The notation
� :_� denotes element-wise division between vectors� and
� . We denote the probability vector of a uniform distribution

over N elements asuN =
�

1
N

; 1
N

; § ; 1
N

� ñ
. Note that, in

this paper, the uniform distribution over elements within the
interval.a; b/ is also abbreviated byu.a;b/ .

2. Related work
To the best of our knowledge, Dynamic Time Warping

(DTW) [62] is the most widely used distance for sequential
data. However, as mentioned above, it has two severe limi-
tations that narrow its application range. More speci�cally,
DTW is sensitive to outliers and excessively restrictive when
aligning the two sequences. In this section, we brie�y review
existing DTW variants that attempt to improve its robust-
ness. We then present a recent OT-based approach that aims
to promote more �exible alignments.

Robust variants of DTW. [43] argued that abnormal
instances often distort the local shape of sequences. This can
lead DTW to produce skewed alignments and pathological
distance results. To address this issue, the authors pro-
posed Derivative Dynamic Time Warping (DDTW), which
uses the �rst derivatives containing more robust local shape
information of the sequences to obtain more meaningful
alignments. In a similar vein, [78] introduced Shape Dy-
namic Time Warping (ShapeDTW), utilizing various local
shape descriptors like Piecewise Aggregate Approximation
(PAA) [42], Discrete Wavelet Transform (DWT), and slope
to achieve more robust alignment. Slope is also exploited
in [75]. However, the authors in [75] further integrated
�ltering and discretization techniques to reduce the impact
of outliers. Another shape-based variant of DTW was Shape
Segment Dynamic Time Warping (SSDTW) [34]. It divides
the sequences into segments to characterize their local struc-
tures before carrying out alignment.

Locality is also considered by weighted-based variants
of DTW for alleviating the in�uences of abnormal elements.

Speci�cally, [39] proposed Weighted Dynamic Time Warp-
ing (WDTW) that assigns weights to alignments, taking
the local di�erences between elements of the sequences
into account. It is widely known that the original Dynamic
Time Warping (DTW) is a special case of WDTW when
the weight for each alignment in DTW is set to1. [49]
further introduced Gaussian Weighted Dynamic Time Warp-
ing (GW-DTW). It is an extension of WDTW, where a
Gaussian probability function was introduced for calculating
the weights of alignments. [5] proposed to weight features
of the elements instead of the alignments. Local stability,
estimated through a sequential averaging method, is utilized
in [56] to determine alignment weights.

Both shape-based and weighted-based approaches at-
tempt to attenuate the e�ects of outliers. However, because
they are based on the original DTW, their alignments still in-
clude the abnormal instances. In other words, these variants
have no mechanism to remove outliers. Thus, they are forced
to estabish correspondences between all elements (including
outliers) of the two sequences. As a consequence, both
shape-based and weighted-based variants of DTW probably
produce unreliable �nal distance results under the presence
of outliers.

Recently, [24] has proposed Drop-DTW with additional
costs for dropping outliers. However, as Drop-DTW remains
the monotonicity constraint from the original DTW, it cannot
produce �exible alignments as our measure does.

Our proposed distance measure, POW, is completely dif-
ferent from the above approaches. Based on Optimal Trans-
port (OT) framework with limited transportation, POW is
computed after eliminating all the outliers with proper se-
lection of transported mass. In Section 6, we will empirically
show the importance of its �exibility, which enables superior
performance of our distance measure in various disciplines.

OT-based approach.In order to alleviate the in�exi-
bility issue of DTW, [64] proposed the Order-Preserving
Wasserstein (OPW) distance for sequential data. This mea-
sure considers elements of the sequences as empirical sam-
ples from an unknown distribution. The OPW distance is
then computed after matching the elements between the
sequences using the Optimal Transport (OT) framework
[70, 58, 71]. To preserve the order among elements of the
sequences, the authors employed a regularization term called
Inverse Di�erence Moment (IDM) from [3] and assigned
a Gaussian prior distribution on the transportation matrix.
In comparison with our distance measure, OPW has two
drawbacks. First, similar to DTW, OPW has no mechanism
to remove outliers. The reason is that the OT framework
enforces transporting all mass from one sequence to another.
As a result, the mass from outliers is also transported.
Note that, in the OT-based distances, the mass transported
between any two elements represents the degree of their cor-
respondence. Our measure, in contrast, enables eliminating
abnormal elements from distance calculation. By limiting
the amount of transported mass, our approach can prevent
the transportation of outliers, thus reducing their e�ects on
the distance measurement. Second, the IDM regularization
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of OPW introduces a negative regularization term into the
objective function of the OT problem. With an inappropriate
selection of the corresponding regularization parameter, the
matrix scaling algorithm for computing OPW becomes un-
stable and may never converge. Our distance is completely
di�erent. The regularization term introduced in this paper
preserves the positivity of the objective function. As a result,
the proposed distance measure is more stable and can avoid
the non-convergence issue.

Following the same direction, [35] introduced Grouped
OPW (G-OPW), which extends OPW by considering group-
wise matching instead of element-wise matching. [41] pro-
posed replacing the Gaussian prior distribution in OPW with
a prior distribution constructed based on neighbor relation-
ships among the elements to account for data transitions.
[8] developed the Wasserstein subsequence kernel (WSK),
which divides sequences into segments of even length and
then computes the distance based on the OT framework.
Because these distances are extensions of OPW or are based
on the original OT, they are still susceptible to outliers
and o�er unreliable distance measures. Recently, [46] ap-
plied unbalanced OT [50] to two normalized sequences. The
measure only considers the di�erence in terms of position
between elements of the two sequences. Thus, a closed-
form distance called Optimal Transport Warping (OTW) is
obtained with linear computational time. However, as the
actual geometrical di�erence between elements is ignored,
OTW is likely prone to error.

3. Background
Wasserstein distance.Given two sets of elementsX =�

x1; § ; xN



and Y =
�

y1; § ; yM



in the same space,
their corresponding empirical probabilities are denoted by
� x =

³ N
i=1 � i � x i

and� y =
³ M

j =1 � j � yj
, respectively. Here,

N andM are the numbers of elements of the two setsX
andY, respectively. The vector� =

�
� 1; § ; � N

� ñ
formed

by gathering all the weights� i belongs to the simplex� N .
Similarly, � =

�
� 1; § ; � M

� ñ
Ë � M . Without any further

assumptions on the prior knowledge of the elements, one can
set� = uN and� = uM to unifrom distributions. Given the
pairwise ground distance matrixD Ë RN • M

+ , where each
entrydi;j represents a geometric distance betweenx i andyj ,
the problem of optimally transport� x toward� y is de�ned
as follows:

W .� x ; � y/ = min
TË�. � ;� /

êD ;TëF = min
TË�. � ;� /

NÉ

i=1

MÉ

j =1

di;j ti;j :

(1)

Here, the minimumW .� x ; � y/ is known as the Wasserstein
distance [71] between the two empirical probability mea-
sures� x and� y. Since� x and� y are �xed to uniform distri-
bution, hereafter, we also denoteW .X ;Y/ the Wasserstein
distance between the two setsX andY. T Ë RN • M is a
transport matrix, which belongs to a transportation polytope

�. � ; � /:

�. � ; � / =
�

T Ë RN • M
+ ðT1M = � ;T ñ 1N = �



(2)

The entryti;j of the transport matrix describes the amount
of mass from� i at x i transported toward the mass� j at yj .
In the other view, we can consider the transport matrixT
as soft alignment indicators. Each elementti;j represents the
degree of correspondence betweenx i andyj .

Order-preserving Wasserstein distance.Wasserstein
distance is ine�ective on sequential data because it ignores
the order relationship among elements of the sequences. Re-
cently, [64] introduced two regularization terms to the orig-
inal OT problem to preserve the order information within
the sequences. The �rst regularization favors the trasport
matrixT with largeinverse di�erence moment(IDM), which
is computed as:

I .T / =
NÉ

i=1

MÉ

j =1

ti;j
�

i
N

* j
M

� 2
+ 1

(3)

The second regularization encouragesT to be closed to the
prior matrixP, whose elements is calculated as:

pi;j =
1

�
ù

2�
e

*
l2i;j
2� 2 ; (4)

wherel i;j =
óóó

i
N

* j
M

óóót
i

N 2 + j
M 2

and� is a small variance. As con-

sequences, de�nition of the Order-preserving Wasserstein
(OPW) distance is given as follows:

OP W.X ;Y/ = êD ;T <
OP WëF (5)

s.t.T <
OP W = argmin

TË�. uN ;uM /
êD ;TëF * � 1I .T / + � 2KL .TððP/;(6)

whereX andY are two sequences of elements,� 1 and� 2 are
hyperparameters that correspond to the two regularization
terms, andKL .TððP/ is the Kullback-Leibler divergence
between transport matrixT and the prior matrixP. Solution
of the problem (6) is obtained through a matrix scaling
algorithm, which alternates between two steps

� 2 } � :_K� 1; (7)

� 1 } � :_K� 2; (8)

whereK = e
* 1

� 2
šD

is the element-wise exponential of the
matrix * 1

� 2

šD and each entry ofšD is

šdi;j = di;j *
� 1

�
i

N
* j

M

� 2
+ 1

+� 2

H
l2
i;j

2� 2
+ log. �

ù
2� /

I

: (9)

After convergence, the solution is computed as:

T <
OP W = diag.� 1/K diag.� 2/ (10)

We can observe in equation (9) that IDM regularization
implicitly adds a negative term into each entry ofšD . When
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� 1 is often set to high value as recommended in [64], entries
of K are unbounded due to exponential operators on positive
operands, leading to the well-known unstability of the matrix
scaling agorithm [58]. In addition, the two regularization
terms of OPW introduces three additional hyperparameters,
namely� 1; � 2 and� . In the original paper [64], the authors
had to select values for these perameters through a large
number of combinations, which is very laborious.

4. Partial ordered Wasserstein distance
In this section, we propose thePartial Ordered Wasser-

stein(POW) distance for sequential data. We �rst derive its
de�nition as the solution to an optimization problem. We
then demonstrate the connection of the proposed formula-
tion with the original OT and propose an e�cient algorithm
to solve it. An analysis of POW is also provided. Based on
this analysis, we �nally introduce an e�ective procedure for
automatically selecting the transported mass, which is vital
for the outlier robustness of the proposed distance.

4.1. Formulation of POW
Given two data sequencesX =

�
x1; § ; xN

�
Ë Rd• N

andY =
�
y1; § ; yM

�
Ë Rd• M of possibly di�erent lengths

(N ‘ M ), we view their elements as samples independently
drawn from uniform distributions. LetD Ë RN • M

+ denotes
the pairwise ground distance matrix with each entrydi;j
represents a geometric distance betweenx i andyj . We �rst
consider the following regularized OT problem to �nd the
optimal alignment between the two sequences:

T < = argmin
TË�. uN ;uM /

êD ;TëF +�
NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j : (11)

Here,
�

i
N

* j
M

� 2
can be considered as the weight assigned

to entry ti;j of the transport matrix, and� is a positive
parameter. We can easily observe that the weight is small
if the relative positions i

N
and j

M
are similar, and large

otherwise. Therefore, by minimizing the additional regu-
larization term along with the objective of the original OT
problem, we implicitly encourageti;j to increase ifx i andyj
are relatively close to each other and decrease if they are far
apart. We found that our regularization is simpler and more
e�cient than those proposed in [64]. First, it involves fewer
parameters, thus alleviating the parameter-tuning burden.
Second, without including any negative term in the objective
function, solving (11) using matrix scaling algorithms is
more stable than that in OPW.

With the additional regularization term, the OT-based
problem in (11) can encode the sequential information
among elements into the optimal transport matrix. However,
it is still susceptible to outliers. More speci�cally, all the
mass is enforced to be transported from one sequence to the
other in formulation (11). When the sequences contain out-
liers, the transportation of their corresponding mass severely
deteriorates the quality of the solution. Thus, motivated by
the idea of partial optimal transport [13, 29], we propose

to limit the amount of transported mass in (11). We �rst
introduces such that0 < s f 1 as a fraction of mass to
be transported. Then the feasible set of the transport matrix
changes into

� s.uN ; uM / =
�

T Ë RN • M
+ ðT1M f uN ; T ñ 1N f uM ; 1ñ

N T1M = s



: (12)

Now, we can derive the de�nition of thePartial Ordered
Wasserstein(POW) distance as follows

P OW.X ;Y/ = êD ;T <
P OWëF (13)

s.t.T <
P OW = argmin

TË� s.uN ;uM /
êD ;TëF

+�
NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j : (14)

It is evident that the robustness of the POW distance heavily
depends on the selection of the fractions. The optimal
value should not be too high, as it may include outliers in
the transportation. Conversely, the fractions should not be
too small, as it may prohibit the masses corresponding to
normal elements from being transported. Towards the end
of this section, we will provide an analysis of the properties
of POW. Based on this analysis, an e�ective procedure is
introduced for automatically and adaptively selecting the
value ofs.

4.2. Optimization
Objective of the problem (14) can be rewritten as fol-

lows:
NÉ

i=1

MÉ

j =1

di;j ti;j + �
NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j

=
NÉ

i=1

MÉ

j =1

L

di;j + �
0

i
N

*
j

M

1 2
M

ti;j : (15)

Thus, the problem (14) is equivalent to

T <
P OW = argmin

TË� s.uN ;uM /
êšD ;TëF ; (16)

where šD can be considered as modi�ed ground distance
matrix of sizeN by M with each entry

šdi;j = di;j + �
0

i
N

*
j

M

1 2

: (17)

Problem (16) can be solved by adding dummy points(according
to [18]) to expand the cost matrix

›D =
4

šD 0N
0ñ

M A

5
; (18)

whereA > 01. Solving the problem (16) now turns into
solving the following problem:

›T <
P OW = argmin

TË�. ›� ; ›� /

ê›D ;TëF ; (19)

1In this paper, we setA = 1 for all the experiments.
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Algorithm 1 Calculate POW

Require: Two sequencesX =
�
x1; x2; § ; xN

�
Ë Rd• N

andY =
�
y1; y2; § ; yM

�
Ë Rd• M , transported mass

s Ë .0;1], penalty parameter� Ë R+ .
Ensure: P OW .X ;Y/.

1: Compute the ground distance matrixD ;
2: Compute matrixšD using Equation (17);
3: Compute extended matrix›D using Equation (18);
4: Initialize:

›� =
� 1

N
;§ ;

1
N

;1 * s
� ñ

; ›� =
� 1

M
;§ ;

1
M

;1 * s
� ñ

;

5: Use entropic regularization method [19] to approximate:

›T <
P OW = argmin

TË�. ›� ; ›� /

ê›D ;TëF :

6: Remove the last row and column of›T <
P OW to obtain

T <
P OW ;

7: ComputeP OW.X ;Y/ = êD ;T <
P OWëF :

where›� = [ uN ; 1 * s]; ›� = [ uM ; 1 * s], and›T <
P OW denotes

the optimal transport matrix with the size of.N +1/-by-.M +
1/. This is an original OT problem and we can approximate
its optimal solution using entropic regularization method
[19]. Then, the optimal solution of the problem (16) can be
obtained by removing the last row and column of the optimal
solution of the problem (19).

4.3. Analysis
Complexity. We �rst analyze the complexity of our

method. In Algorithm 1, it is clear that steps1;2; and 3
involve calculating and extending the ground distance matrix
of sizeN • M . Without loss of generality, we assume that
N g M . Thus, these steps have a computational complexity
of O.N 2/. Step7 has a similar complexity because it relates
to the calculation of the Frobenius product between two
matrices of the same size,N -by-M . While steps4 and 6
can be computed in linear time, the most computationally
intensive part of our method is induced by step5, which
requires solving an OT problem. Fortunately, the entropic
regularization strategy in [19] allows us to approximate
the optimal solution of this problem via the matrix scaling
algorithm in quadratic time [4, 51]. Therefore, the total
computational complexity of the proposed method isO.N 2/.

Regarding memory usage, our algorithm stores several
matrices, including the ground distance matrix, the transport
matrix, and their extended versions. The sizes of these
matrices are at most.N + 1/-by-.M + 1/. Thus, the total
space requirement of our algorithm is alsoO.N 2/.

Numerical stability. We then investigate the numerical
stability of the algorithm for calculating the POW distance.
Similar to OPW, our method also employs matrix scaling al-
gorithm (in step 5 of Algorithm 1). The following two steps:
ž� 2 } ›� :_ ›K ž� 1 andž� 1 } ›� :_ ›K ž� 2, where ›K = e* � ›D and

� is a positive parameter for the entropic regularization, are
accordingly alternated until convergence. However, di�erent
from OPW, where the matrix scaling algorithm is unstable
due to exponential operators on positive operands as dis-
cussed in section 3, we found that such a problem does not
occur in our method. More speci�cally, our regularization
guarantees that entries of the matrix›D computed in (17)
and (18) are always positive. Therefore, computing›K =
e* � ›D via the entry-wise exponential operator with a positive
parameter� limits the values of its entries within the range
[0;1]. In addition, we observe that entries of both›� and›� are
also in the range[0;1]. Thus,ž� 1 andž� 2 are always bounded
as the algorithm alternates between the two steps mentioned
above. This is in contrast with the algorithm for calculating
OPW, where the matrixK is initialized without an upper
bound. As a result, when alternating between equations (7)
and (8), values of entries of� 1 and � 2 can easily exceed
the machine precision limit, making the algorithm prone to
instability. This phenomenon has also been acknowledged in
the original paper [64].

Outlier robustness.We �nally study the robustness of
our distance against outliers. The parameters�the fraction
of transported mass�plays a vital role in reducing the im-
pact of outliers on POW. Thus, for a given pair of sequences
X and Y of lengthsN and M , respectively, we denote
P OWX ;Y .s/ as a function representing the dependence of
the distance on the transported masss. Let Y be the nor-
mal sequence, whileX contains both normal elements and
outliers. We denoteI + and I * as the sets of indices for
normal elements and outliers, respectively. IfN + = ðI + ð
andN * = ðI * ðdenote the cardinalities of these two sets,
then we haveN = N + + N * , whereN is the length of
the sequenceX . We assume that outliers inX are separated
from the elements inY as follows:

Assumption 1. For a constantC > 1 and dmax being the
largest ground distance between normal elements of the two
sequences, then every outliers inX is at a distance of at least
C.dmax + � / from any element inY.

Under above assumption, we can establish the following:

Lemma 1. Let s< = N +

N
and

T <
s< = argmin

TË� s< .uN ;uM /
êD ;TëF + �

NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j :

(20)

Then, given Assumption 1,T <
s< has no entryt<i;j > 0 such that

i Ë I * .

The proof of Lemma 1 is provided in Appendix A. This
lemma implies that, with a proper selection of the trans-
ported masss = s<, all the masses from outliers will be
excluded from transportation. As a consequence,

P OWX ;Y .s</ = êD ;T <
s<ëF (21)

is robust against outliers. We further show the following:
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Algorithm 2 Approximating the best value for the trans-
ported mass
Require: Two sequencesX andY, a positive penalty pa-

rameter� , and a width! .
Ensure: Approximation of the bests<.

1: n } 1
!

2: s0 } 0
/< Generate a series of values^s0; s1; s2; § ; sn` </

3: for i } 1 to n do
4: si } si*1 + !
5: end for
6: ComputeP OWX ;Y .si / Åi in parallel using Algorithm 1

/< Compute the second derivative^� 0; � 1; � 2; § ; � n` </
7: for i } 0 to n * 2 do
8: � i = P OWX ;Y .si+2 / * 2 • P OWX ;Y .si+1 / +

P OWX ;Y .si /
9: end for

10: Smooth the second derivative using the moving average
method.

11: Detect the highest peak� i< in the second derivative.
12: Approximates< ù si<

Lemma 2. For a small constant� > 0, given Assumption 1,
then the �rst derivative values

)P OWX ;Y .s<* � /

)s
f dmax

and
)P OWX ;Y .s<+� /

)s
g C.dmax + � /: (22)

The proof of this lemma is presented in Appendix B. Lemma
2 implies that the �rst derivative of the functionP OWX ;Y .s/
will exhibit a noticeable increase in the vicinity ofs<. By
determining this abrupt change, we can obtain an approx-
imation of the best value fors. To do so, we propose a
procedure, the details of which are presented in Algorithm
2. It begins by generating a series of valuess0; s1; s2; § ; sn,
wheres0 = 0, sn = 1, andsi+1 * si = ! ; Åi with ! > 0 being
a small width. From these values, we compute a series of
the correspondingP OWX ;Y .si /; Åi. Note thatP OWX ;Y .si /
is independent ofP OWX ;Y .sj / for all j ‘ i . Thus, the
computation of the series can be carried out in parallel. Then,
the second derivative atsi , denoted by� i , can be calculated
asP OWX ;Y .si+2 / * 2 P OWX ;Y .si+1 / + P OWX ;Y .si /. Re-
peating the calculation for alli , we obtain a series of dis-
crete values of the second derivative� 0; � 1; � 2; § ; � n. After
smoothing using a moving average over a sliding window,
we detect the highest peak from the smoothed series of
discrete values of the second derivative. This peak indicates
an abrupt change in the �rst derivative, hence providing an
approximation of the best value fors.

It is worth noting that the approximation accuracy of
Algorithm 2 mostly depends on the parameter! . Smaller the
width is, better accuracy can be achieved. However, decreas-
ing the width will increase the running time. Fortunately, the
computational time of Algorithm 2 is linear inn = 1

!
. Thus,

in this paper, we set! = 0:001 for all the experiments.
We note that, in line6 of the Algorithm 2, the Algorithm

1 is usedn times to computeP OWX ;Y .si /;Åi. However, as
mentioned above, the calculation ofP OWX ;Y .si / for each
si is independent. Thus, we can carry out the computation
in parallel, and the time complexity of Algorithm 2 remains
quadratic w.r.t the length of the input sequences.

5. Applications
In this section, we study applications of the proposed

distance in two tasks, including time-series classi�cation
and multi-step localization. For each task, we will state
the problem, brie�y review several existing baselines, and
describe how to apply POW to solve the problem.

5.1. Time-series classi�cation
Time-series classi�cation (TSC) is one of the most im-

portant tasks in time series analysis due to its widespread
applications, such as human action recognition [45], fault
detection [59], and electrocardiogram diagnosis [27], among
others. The goal of TSC is to predict the class label for a
given unlabeled time series input as accurately as possible.
To achieve this goal, many TSC methods have been proposed
over the past few years [1, 31, 69]. These methods can be
divided into three groups:i) model-based methods, which
assume that time series from the same class are generated by
a model and classify any unlabeled time series to the class of
the closest-�tting model,ii) featured-based methods, which
extract features from time series and classify them based
on the extracted features, andiii) distance-based methods,
which classify time series into the nearest class in term of a
prede�ned distance measure. Methods from the �rst group
would provide very accurate classi�cation results if the
assumptions on the underlying generative models were ap-
propriate for the datasets. However, in practice, deriving the
relevant assumptions is often a challenging task. The second
group can provide classi�cation results with interpretability
through feature extraction. However, interpretability comes
at the cost of high complexity due to the time-consuming
feature extraction process.

In this paper, with the introduction of the POW distance,
we adopt an approach from the third group: distance-based
TSC methods. There are three main distance-based TSC
approaches. The �rst approach is to directly exploit the
prede�ned distance measures within thek nearest neighbor
(k-NN) classi�er. The second approach is to employ the
distances to obtain a time series kernel and enable the use
of kernel methods. Recently, a third approach emerged, that
exploits distances for sequential data within deep neural
network (DNN) models. For instance, [14] introduces a
neural network layer employing DTW to align the inputs
and the outputs. Slightly di�erent from that, [38] utilizes
DTW to align inputs and the layer weights. [11] substitutes
the dot product in the �rst layer of convolutional neural
network (CNN) with DTW, forming a deep classi�er termed
as dynamic CNN. [47] approximates DTW by CNN and uses
the approximation to classify EEG data. In OTW [46], OT is
integrated into DNNs following a similar approach to [14].
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Figure 2: Muiti-step localization illustration. Given an instructional video (e.g., making taco salad) and a list of steps in text
(e.g., �add onion", �add lettuce", �add tortilla", �add meat"), the task of multi-step localization is to align each video frame to
the correct step.

We recommend [10, 1, 37, 61] for more detailed surveys of
such approaches.

To evaluate the proposed distance and compare it with
the existing ones, we choose the �rst approach. Because
POW is directly used by the k-NN classi�er, the classi�-
cation results re�ect more comprehensively the quality of
the distance. As a result, this �rst approach is still widely
used in recent works for comparing distance performances
[10, 61, 28]. On the other hand, in the second approach, the
distance implicitly contributes to the classi�cation results
via the kernel. In addition, k-NN is simple and cannot
perform complex feature extraction as DNNs do. Thus, the
performance of k-NN in time series classi�cation is much
more dependent on the distance used than those of the DNN-
based approaches.

It is worth noting that, despite the simplicity of k-NN,
it is still a popular choice for time series classi�cation.
Experimental results from previous studies [73, 52, 7] have
shown that the combination of k-NN with DTW reaches sub-
stantial performance and seems to be particularly di�cult
to signi�cantly outperform. To verify the performance of
the proposed distance combined with k-NN classi�ers, in
section 6, we utilize a portion of the UCR time series classi-
�cation archive [21], which contains more than 120 datasets
originally collected from various domains, such as health-
care, robotics, and transportation. Please note that the UCR
archive provides only univariate time series data. Therefore,
we also apply our method to the Weizmann dataset [30],
which is used for human action recognition. Given labeled
videos of di�erent activities, the task is to predict which
activity is performed in an unlabeled video. All the videos
are pre-processed to get the form of multivariate sequences.
Further details are provided in section 6.

5.2. Multi-step localization
In this work, we harness the alignment capability of

POW to address the multi-step localization task, which
involves inferring the temporal location of procedure steps
within instructional videos. Speci�cally, during the infer-
ence phase, we aim to match each frame, represented by
embeddings, with its corresponding step. The multi-step

localization task presents several challenges. Firstly, instruc-
tional videos often contain many frames unrelated to the
primary activity, such as scenes featuring people talking,
occasional dishwashing, or advertisements. These frames
are considered outliers, and attempting to match them to the
steps would result in meaningless alignments. Secondly, the
activities performed in instructional videos may not strictly
follow the order of the given steps. For example, when
making taco salad, one person may add tortilla before adding
meat, while another may follow a reverse order. Traditional
alignment methods, such as DTW and its variants, tend to
induce false correspondences because they strictly preserve
the order when aligning video frames and steps. Finally,
instructional videos often exhibit a segment structure where
many successive frames correspond to the same steps. Fail-
ing to account for this characteristic in the alignment process
can lead to suboptimal results. A visual representation of the
task is given in Figure 2.

Existing methods for multi-step localization can be di-
vided into three groups, includingfully supervised methods,
where the start and end times of each step in the video are
required [12, 53, 79, 67],weakly supervised methods, which
rely solely on knowledge of the steps present in the video
[36, 60, 23, 16, 80, 17, 24, 25], andunsupervised methods,
which processes text narrations obtained from automated
speech recognition (ASR) in conjunction with the videos
[63, 44, 26]. While the �rst group seems less ideal because
it requires laborious e�orts for labeling the endpoints in the
videos, methods in the third group are often overly complex
as they have to process the text that comes from ASR on the
audio, which is noisy and error-prone. Our method falls into
the second group as it only requires information about the
steps in the form of a set. However, existing methods in this
group typically assume that the activity in the video follows
the same order as the given corresponding set of steps. This
assumption contradicts the fact mentioned earlier that local
reverses often occur. In contrast to existing methods, our ap-
proach can handle videos in which people perform the same
activity in di�erent orders, thanks to the �exible alignment
capability of POW. It is worth noting that recent work in
[25] relaxes the order requirement by creating �ow graphs
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Figure 3: Traning phase of the proposed method for multi-step localization. The solid arrows show the forward computation and
the dashed arrows indicate gradient backpropagation.

that capture all possible orders among steps. However, these
�ow graphs are constructed assuming that each step occurs
only once in each video, which is often violated in reality.
For example, several videos demonstrating the preparation
of Kerala Fish Curry repeat steps such as "stir mixture"
multiple times, once after adding chili powder and again
after adding �sh.

While POW can provide outlier-robust and �exible
alignment, it lacks a mechanism to e�ectively handle seg-
ment structures in instructional videos. As a solution, we
introduce of a segment regularization and integrate it with
POW, creating a new variant termedsegment-regularized
POW (SRPOW). Speci�cally, letX =

�
x1; § ; xN

�
Ë

Rd• M andY =
�
y1; § ; yM

�
Ë Rd• M represent the step and

frame-wise video embeddings, respectively. The transport
matrix T Ë RN • M , where each elementti;j indicates the
degree of correspondence between thei th step and thej th

frame, encodes the alignment between the video and the
steps. Given that many successive frames are allocated to
the same steps, we can expectT to exhibit smoothness
with respect to its columns. The smoothness of the transport
matrix can be represented by the following term.

ôôôST ñ ôôô
2

F
; (23)

whereS Ë R.M *2/• M is the second-order di�erence matrix

S =

b
f
f
f
f
d

1 *2 1
1 *2 1

7 7 7
1 *2 1

1 *2 1

c
g
g
g
g
e

: (24)

Then, SRPOW is de�ned as

SRP OW.X ;Y/ = êD ;T <
SRP OWëF (25)

s.t.T <
SRP OW = argmin

TË� s.uN ;uM /
êD ;TëF

+�
NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j

+
 ôôôST ñ ôôô
2

F
; (26)

where
 is a positive penalty parameter. This penalization
explicitly promotes consistency within local regions and dis-
courages abrupt transitions between columns of the optimal
transport matrix. However, with the introduction of this new
regularization, solving problem (26) becomes challenging
because the matrix scaling algorithm is not directly appli-
cable. Fortunately, we observe that the regularizer speci�ed
in equation (23) is continuous, which ensures the continuity
of the objective function as well. Furthermore, given that the
constraint set� s.uN ; uM / is a convex, closed, and bounded
subset ofRN • M , the objective function reaches its minimum
on � s.uN ; uM /. If the regularizer is strictly convex, this
minimum is unique, which applies to our segment regular-
ization as mentioned in equation (23). Therefore, we employ
the generalized conditional gradient (GCG) algorithm [9]
to solve problem (26). This algorithm operates through an
iterative process that ensures every iteration falls within
� s.uN ; uM /. Consequently, the convergence of GCG when
solving our problem is guaranteed. Details of the algorithm
are given in Appendix C.

We utilize SRPOW in both training and inference phases.
At the trainning phase, given pairs of set of steps in text and
a video, we feed them to a pretrained vision and language
model that was obtained from training on a large instruc-
tional video dataset [55]. The outputs of the model for each
pair are step embeddingsX =

�
x1; § ; xN

�
Ë Rd• N and

visual embeddingsZ =
�
z1; § ; zN

�
Ë Rd• N . Subse-

quently, we feed the obtained visual embeddings through a
two-layer fully connected neural network, resulting in the
framewise video embeddingsY =

�
y1; § ; yM

�
Ë Rd• M .

The network is trained by minimizing the lossL SRP OW =
SRP OW.X ;Y/. Fig. 3 illustrates the training phase of
the proposed method. At the inference phase, we feed the
unlabled video and its corresponding steps into the trained
model to obtain the framewise video embeddings and step
embeddings. We then solve the SRPOW problem (26) be-
tween these two sets of embeddings to compute the optimal
transport matrixT <. For thej th column ofT <, we �nd the
indexi such thati = argmax

1f kf N
t<k;j . Subsequently, we align the

j th frame with thei th step.
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Figure 4: Samples of Time series in BirdChicken dataset from The UCR archive. The top sub�gures show original samples, one
for each class, from BirdChicken dataset. The bottom sub�gures show these samples after adding outliers

We have provided detailed discussions on time-series
classi�cation and multi-step localization tasks as applica-
tions of our proposed distance. However, it is important to
note that POW has broader potential applications due to
its ability to align and calculate di�erences between two
sequences. For example, POW can be applied in time series
clustering tasks [57, 2, 33],where time series are grouped
based on their similarity without requiring supervised in-
formation. Additionally, POW can also be utilized in video
and text retrieval tasks [24, 44], where the goal is to �nd
corresponding clips or captions given a query caption or
clip. These examples illustrate the versatility and potential
of POW beyond its initial applications, opening avenues for
future exploration.

6. Experiments
In this section, we conduct experiments to evaluate the

performance of the proposed distances in two tasks: time-
series classi�cation and multi-step localization. For each
task, we will provide a brief description of the preprocessing
steps applied to the datasets used in the experiments. We will
then mention the compared distance measures, followed by
a description of parameter tuning and the de�nitions of the
evaluation metrics. Finally, we will present the results and
provide a discussion on the performances of all the distance
measures.

6.1. Time-series classi�cation
Datasets.We selected 20 datasets from the UCR time

series archive [21]. Each of these datasets includes univari-
ate time series of equal length from di�erent classes and
was already divided into training and test sets. To make the
experiments more challenging, we added outliers to the time
series. Speci�cally, for each dataset, we randomly sampled

a proportionp from a uniform distributionu.0:1;0:5/. Let N
denote the length of the time series in the considered dataset.
We then randomly added or subtractedp • N elements at
randomly selected positions in each time-series sequence, up
to its maximum value.

Figure 4 (bottom) shows the time series of the Bird-
Chicken dataset from The UCR archive after adding outliers.
It can be observed that the outliers distort the shape of the
time series and pose signi�cant challenges to the distance
measurement process. We repeated this procedure �ve times.
Consequently, from each dataset selected from the UCR time
series archive, we generated �ve datasets contaminated by
outliers with proportions within the range [0.1, 0.5]. Each
generated dataset was further divided into tranning and test
sets with a consistent ratio of60_40.

We also aimed to investigate the performance of the pro-
posed methods on multivariate time series. For this purpose,
we utilized the Weizmann dataset [30], which comprises 90
videos featuring nine subjects, each performing ten natural
actions: bend, jack, jump-forward (jump), jump-in-place
(pjump), run, side, skip, walk, wave-one-hand (wave 1), and
wave-two-hand (wave 2). Figure 5(a) depicts the ten action
classes in the Weizmann dataset.

Initially, we subtracted the background from each frame
of these video sequences and rescaled them to a size of
70 • 35. For each70 • 35 rescaled frame, we computed
binary features, as illustrated in Fig. 5(b). To reduce the
dimensionality of the feature space (from2450), we re-
tained the top123 principal components, preserving99~
of the total energy, for our experiments. Similar to the uni-
variate time-series datasets, to make the experiments more
challenging, we randomly sampled a proportionp from a
uniform distributionu.0:1;0:5/. Subsequently,p • N random
123-dimensional binary vectors were generated, whereN
denotes the length of the video. These vectors replaced the
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(a) Weizmann action classes.

(b) Binary features extracted from videos.

Figure 5: Weizmann action dataset. The dataset consists of (a) Ten action classes performed by di�erent subjects and (b) Binary
features, which are extracted from videos, forming multivariate sequences.

original vectors at randomly selected positions within the
video sequences. This procedure was repeated �ve times,
and each resulting dataset was further divided into training
and test sets with a consistent ratio of60_40.

Compared distance measures.For classi�cation task,
we utilize k-nearest neighbor (k-NN) classi�er equipped
di�erent distances, including POW and the followings:

ˆ Dynamic time warping (DTW) [62] � a widely used
distance measure for time-series data,

ˆ Soft DTW (Soft-DTW) [20] � a smooth variant of
DTW,

ˆ Shape segment DTW (SSDTW) [34], which repre-
sents local structure of the time series via segments
before calculating the distance,

ˆ Gaussian weighted DTW (GW-DTW) [49] � a weighted
variant of DTW, where the weights are normally
distributed.

ˆ Drop DTW (Drop-DTW) [24], which introduces ad-
ditional costs to DTW for dropping outliers,

ˆ Order-preserving Wasserstein (OPW) [64] � an OT-
based approach for calculating distance between se-
quences,

ˆ Wasserstein subsequence kernel (WSK), which ap-
plies OT framework on subsequences instead of ele-
ments of the sequences as in OPW, and

Dataset � Dataset �
BME 50 GunPoint 10
BeetleFly 10 Herring 50
BirdChicken 1 ItalyPowerDemand 10
Chinatown 10 MoteStrain 50
Co�ee 5 OliveOil 10
DistalPhalanxOutlineCorrect 1 Plane 1
DistalPhalanxTW 5 SmoothSubspace 5
ECG200 50 SonyAIBORobotSurface1 5
FaceFour 5 SonyAIBORobotSurface2 10
Fungi 10 ToeSegmentation2 100

Table 1
The optimal � of POW distance on di�erent datasets that are
contaminated by outiers in UCR Archive for the1-NN classi�er.

ˆ Optimal transport warping (OTW) [46] � an un-
balanced OT-based approach, which considers only
element-wise di�erence in terms of position for fast
computation.

Evaluation methods. We use classi�cation accuracy,
which is the ratio of the number of correct predictions to
the total number of predictions to evalutate performance of
the k-NN classi�er equipped with di�erent distance mea-
sures. In addition, to make our evaluation more reliable, we
conducted the McNemar's test [54] between the proposed
distance and each its competitors at the signi�cance level of
5~.

Parameter tuning. We note that the performance of the
k-NN classi�er also depends on the number of neighbors,
denoted ask, in addition to the equipped distances. Thus, in
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(a) POW function (b) 1st derivative of POW (c) 2nd derivative of POW

Figure 6: An example of automatically selecting transported masss for POW. (a) Given two time series from the UCR archive
with outlier fraction of 0:23, the POW distance function with respect tos is calculated. (b) The �rst derivative of the POW
function shows a sharp increase, which is the indicator for selecings. (c) Position of the indicator can be located by detecting
the highest peak in the second derivative of the POW function.

the experiments, we ran all the above classi�ers withk se-
lected from the set̂1; 3;5;7;15;30`. We used the Euclidean
distance measure as the ground distance between elements
of the two sequences for all the distance measures. For
the POW distance, we applied algorithm 2 to automatically
approximate the best transported masss for all the datasets.
The remaining parameter� was selected using grid search.
The best values of� , which returned the highest classi�-
cation accuracy on the univariate time-series datasets, are
summarized in Table 1. For Soft-DTW, we selected its
smoothness parameter� from ^10;1;0:1;0:01;0:001` and
found that it works reasonably well at� = 1, which empiri-
cally agrees with [20]. OPW has three parameters, including
� 1 and� 2, which correspond to its regularization terms, and
� , which is required for computing the prior distribution of
the transport matrix, respectively. We again selected them
using grid search. During the process of selecting parameters
for OPW, we found that it is unstable with relatively large
� 1.> 50/, which is coherent with the numerical stability
analysis in section 4.3. Therefore, we set� 1 = 50. For
most of the datasets, OPW showed optimal performance at
� 2 = 0:1 and � = 1. For the remaining distances, their
parameters were set according to the original papers.

Results and discussion.The outlier robustness of the
proposed distance is proven to be heavily dependent on the
selection of the parameters, which represents the trans-
ported mass, as demonstrated in Lemma 1. Manually select-
ing proper values ofs for all the datasets can be a tedious
task. Fortunately, Algorithm 2 helps us automatically and
adaptively approximate the best values fors. Figure 6(a)
depicts the POW distance function with respect tos between
two time series in the BirdChicken dataset, which has an
outlier fraction ofp = 0:23. Since the masses for all elements
of the time series are equal and sum up to 1, the best value
for the transported mass iss< = 0:77. According to Lemma
2, we expect the �rst derivative of POW to increase sharply
at s = 0:77. This is validated in Figure 6(b). To detect

(a) UCR datasets with additional outliers

(b) UCR datasets without adding outliers

Figure 7: Critical di�erence diagrams showing the mean ranks,
which are obtained from based on the Wilcoxon signed-rank
test, of k-NN with di�erent distance measures on20 UCR
datasets (a) with and (b) without adding outliers. The lower
the rank (further to the right) the better distance measure
compared to the others on average. The lines indicates that
there is no signi�cant di�erence in performance among the
distances crossed by that particular line in terms of the
Friedman test that compares ranks of multiple distances [22].

this value, Algorithm 2 examines the second derivative of
POW, searching for the highest peak, which indicates the
best approximation values fors. An illustration is provided
in Figure 6(c).

With a reliable approximation ofs, we then investigate
the contribution of POW to the accuracy of the k-NN clas-
si�er. Table 2 shows the classi�cation results of a k-NN
classi�er using various distance measures on20 datasets
taken from the UCR time series archive [21] and then
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Dataset
Variants of DTW OT-based distances

DTW Soft-DTW SS-DTW GW-DTW Drop-DTW OPW WSK OTW POW
BME 79.33 (1.18)< 85.73 (1.12)< 83.47 (1.32)< 82.99 (1.24)< 82.53 (1.59)< 84.27 (2.89)< 72.18 (1.75)< 80.14 (1.09)< 89.47 (0.73)
BeetleFly 67.00 (2.58)< 60.00 (3.54)< 63.23 (2.16)< 64.11 (2.83)< 68.46 (2.74)< 68.00 (2.55)< 65.12 (3.09)< 62.87 (3.15)< 80.40 (5.48)
BirdChicken 84.00 (2.11)£ 76.00 (4.18) 65.60 (3.14)< 72.13 (2.51)< 79.00 (4.48)£ 58.00 (4.57)< 62.03 (3.47)< 60.06 (4.25)< 75.28 (2.65)
Chinatown 93.44 (0.23)< 94.33 (0.70)< 92.38 (1.80)< 93.17 (2.11)< 95.98 (0.63)< 95.25 (0.88)< 94.17 (0.74)< 91.04 (1.26)< 97.98 (0.50)
Co�ee 75.71 (2.82)< 75.00 (2.53)< 76.01 (1.92)< 77.24 (2.12)< 88.57 (2.99) 89.29 (3.57) 84.61 (2.68)< 83.19 (3.02)< 88.59 (3.42)
DistalPhalanxOutlineCorrect 71.01 (2.56) 70.51 (1.04)< 71.32 (1.10) 70.41 (1.45)< 73.62 (2.18) 69.78 (2.50)< 64.03 (2.87)< 65.56 (2.92)< 72.10 (1.43)
DistalPhalanxTW 57.70 (1.55) 58.99 (1.83)£ 55.16 (1.38)< 54.25 (1.53)< 56.42 (2.41) 59.01 (3.81)£ 52.48 (1.74)< 53.55 (2.26)< 56.69 (2.18)
ECG200 83.40 (1.26)< 85.80 (1.10)< 84.09 (1.04)< 84.73 (1.25)< 88.60 (0.89)< 88.30 (1.52)< 86.05 (1.19)< 85.11 (1.77)< 91.40 (1.52)
FaceFour 88.18 (0.62)< 91.36 (1.22)< 87.42 (0.98)< 86.15 (1.08)< 93.18 (0.80) 93.41 (0.51) 90.16 (0.95)< 91.41 (1.20)< 93.86 (0.62)
Fungi 61.29 (1.29)< 72.80 (1.24)< 70.20 (1.39)< 71.11 (1.54)< 83.33 (0.76) 82.05 (1.49) 74.52 (0.90)< 75.41 (0.87)< 83.02 (0.95)
GunPoint 89.73 (1.30)< 92.40 (0.76) 90.81 (1.31)< 91.13 (1.06) 93.73 (1.01) 92.00 (0.67) 91.02 (0.88)< 90.09 (1.03)< 92.87 (0.87)
Herring 48.13 (1.23)< 42.50 (1.31)< 46.05 (1.48)< 45.27 (1.28)< 51.88 (4.34)< 50.89 (6.50)< 48.98 (4.62)< 47.49 (4.13)< 53.13 (3.31)
ItalyPowerDemand 89.83 (0.91)< 92.06 (0.76)< 91.16 (3.87)< 91.42 (4.14)< 93.37 (1.86) 93.00 (1.39) 91.52 (1.82)< 90.86 (2.57)< 94.61 (1.30)
MoteStrain 75.89 (0.74)< 76.20 (1.23)< 74.08 (2.14)< 75.15 (2.51)< 85.83 (0.97) 84.20 (1.41)< 83.53 (1.25)< 82.25 (2.44)< 85.95 (0.63)
OliveOil 73.33 (2.22)< 76.67 (1.82)< 78.68 (2.00)< 79.12 (2.55)< 86.00 (1.49) 84.27 (2.39) 81.23 (1.83)< 80.11 (2.63)< 85.44 (1.61)
Plane 96.76 (0.52)< 97.80 (0.80)< 96.86 (1.12)< 97.16 (1.27)< 98.29 (1.43) 99.00 (0.84) 97.03 (1.22)< 96.88 (2.02)< 99.24 (0.93)
SmoothSubspace 82.00 (2.31)< 84.66 (2.54)< 83.23 (2.35)< 84.37 (2.62)< 85.73 (2.93)< 88.00 (2.26)< 87.53 (1.91)< 86.15 (2.01)< 91.60 (2.52)
SonyAIBORobotSurface1 67.55 (0.64)< 67.55 (0.86)< 66.20 (1.03)< 67.12 (1.33)< 79.60 (1.49)< 85.69 (0.96)< 82.27 (1.46)< 84.13 (1.55)< 90.03 (1.28)
SonyAIBORobotSurface2 81.68 (1.03)< 81.99 (0.98)< 80.02 (1.02)< 82.15 (0.88)< 85.86 (0.84) 80.82 (1.64)< 79.05 (1.53)< 81.18 (1.32)< 84.68 (1.10)
ToeSegmentation2 85.38 (1.15)< 87.33 (1.17)< 86.22 (2.10)< 86.00 (1.67)< 89.47 (1.85) 88.15 (2.01)< 87.64 (1.04)< 86.81 (1.88)< 90.46 (1.42)
Average 77.57 (12.59) 78.48 (13.88) 77.11 (13.21) 77.76 (13.18) 82.97 (12.28) 81.67 (13.43) 78.76 (13.80) 78.71 (13.65) 84.84 (12.31)

Table 2
The classi�cation results of k-NN with di�erent distance measures on UCR archive datasets with additional outliers. The classi�ers
were executed on each dataset �ve times with varying proportions of outliers, and the average accuracy in percentage, along
with the standard deviations (in brackets), are reported. The highest accuracy for each dataset is highlighted inbold. The
symbol < indicates that the corresponding distance measure performed worse than POW, while the symbol£ indicates that the
corresponding distance measure performed better than POW with signi�cance at the5~ level by McNemar's test [22].

Dataset
Variants of DTW OT-based distances

DTW Soft-DTW SS-DTW GW-DTW Drop-DTW OPW WSK OTW POW
BME 89.50 (1.20)£ 97.20 (1.15)£ 85.90 (1.30)£ 85.10 (1.25)£ 86.67 (1.55)£ 83.33 (2.80) 76.00 (1.70)< 89.50 (1.10)£ 83.67 (0.80)
BeetleFly 70.00 (2.50) 65.50 (3.40)< 63.50 (2.10)< 64.20 (2.80)< 65.80 (2.70)< 70.67 (2.50) 71.50 (3.00)£ 67.00 (3.10)< 70.33 (3.30)
BirdChicken 75.50 (2.20) 75.50 (4.10) 75.80 (3.10) 76.50 (2.60) 69.50 (4.40)< 60.50 (4.50)< 69.50 (3.40)< 62.50 (4.20)< 76.50 (2.70)
Chinatown 97.50 (0.30) 97.50 (0.80) 92.50 (1.90)< 93.55 (2.20)< 97.67 (0.70) 74.93 (0.90)< 83.50 (0.80)< 95.50 (1.30)< 98.00 (0.60)
Co�ee 99.80 (2.70)£ 99.50 (2.50)£ 96.20 (2.00) 92.50 (2.10)< 89.28 (3.00)< 96.42 (3.60) 88.80 (2.70)< 81.50 (3.00)< 96.80 (3.50)
DistalPhalanxOutlineCorrect 72.20 (2.50)< 68.70 (1.10)< 64.50 (1.20)< 70.70 (1.50)< 72.46 (2.20)< 75.36 (2.60) 69.20 (2.80)< 70.70 (2.90)< 74.43 (1.50)
DistalPhalanxTW 59.00 (1.80)< 67.00 (1.90)£ 55.50 (1.40)< 54.50 (1.50)< 59.71 (2.50)< 63.31 (3.90) 61.50 (1.80) 54.50 (2.30)< 62.80 (2.20)
ECG200 77.50 (1.30)< 84.90 (1.20)< 84.20 (1.10)< 84.80 (1.30)< 92.08 (0.90)£ 88.40 (1.50) 89.10 (1.20) 85.20 (1.80)< 89.50 (1.50)
FaceFour 83.20 (0.70)< 86.40 (1.20)< 87.50 (1.00)< 86.20 (1.10)< 88.63 (0.80)< 93.18 (0.50) 84.20 (1.00)< 86.50 (1.20)< 93.50 (0.70)
Fungi 80.50 (1.30)< 82.00 (1.20)< 80.50 (1.40)< 79.20 (1.50)< 84.40 (0.80)< 94.08 (1.50) 79.70 (0.90)< 82.50 (0.90)< 93.20 (1.00)
GunPoint 91.00 (1.20)< 98.00 (0.80) 90.48 (1.30)< 91.20 (1.00)< 94.00 (1.00)< 97.33 (0.70) 94.33 (0.90)< 86.20 (1.00)< 98.00 (0.90)
Herring 53.50 (1.30)< 63.80 (1.40)£ 56.30 (1.50)< 55.50 (1.30)< 53.12 (4.40)< 59.37 (6.60) 52.67 (4.70)< 60.70 (4.20) 60.50 (3.40)
ItalyPowerDemand 95.00 (1.00)£ 94.65 (0.80)£ 91.30 (4.00) 91.50 (4.20) 95.53 (1.90)£ 92.03 (1.40) 93.33 (1.90) 95.00 (2.60)£ 92.00 (1.40)
MoteStrain 83.00 (0.80)< 88.89 (1.30) 84.20 (2.20)< 85.30 (2.60)< 86.50 (1.00)< 88.57 (1.40) 88.67 (1.30) 79.30 (2.50)< 89.33 (0.70)
OliveOil 83.50 (2.20)< 46.67 (1.80)< 78.80 (2.00)< 77.30 (2.60)< 86.67 (1.50) 86.67 (2.40) 74.50 (1.80)< 79.30 (2.70)< 86.67 (1.70)
Plane 99.00 (0.50) 99.00 (0.80) 97.67 (1.10)< 97.30 (1.30)< 96.19 (1.50)< 98.09 (0.90) 98.20 (1.30) 96.00 (2.00)< 99.00 (1.00)
SmoothSubspace 83.50 (2.30)< 74.00 (2.50)< 73.50 (2.40)< 74.50 (2.70)< 99.03 (3.00) 99.33 (2.30) 91.33 (1.90)< 93.50 (2.00)< 98.67 (2.50)
SonyAIBORobotSurface1 73.60 (0.70)< 62.22 (0.90)< 66.30 (1.00)< 67.20 (1.30)< 68.22 (1.50)< 78.36 (1.00) 68.40 (1.50)< 77.20 (1.60) 77.20 (1.30)
SonyAIBORobotSurface2 83.10 (1.00)< 83.73 (1.00) 82.10 (1.00)< 82.20 (0.90)< 87.62 (0.80)£ 80.07 (1.60)< 80.67 (1.50)< 84.30 (1.30) 84.70 (1.10)
ToeSegmentation2 84.50 (1.20)< 88.46 (1.20)< 86.30 (2.20)< 86.20 (1.70)< 87.69 (1.90)< 90.20 (2.00) 87.70 (1.10)< 84.00 (1.90)< 90.20 (1.50)
Average 81.72 (12.00) 81.21 (14.76) 79.65 (12.37) 79.77 (11.94) 83.04 (13.05) 83.48 (12.41) 80.14 (11.69) 80.54 (11.82) 85.60 (11.56)

Table 3
The classi�cation results of k-NN with di�erent distance measures on UCR archive datasets without adding outliers. For each
dataset, the original train and test sets were merged before being divided randomly into 5 equal folds. The classi�ers were executed
on each dataset using 5-fold cross-validation, and the average accuracies in percentage on all the folds, along with the standard
deviations (in brackets), are reported. The highest accuracy for each dataset is presented in bold. The symbol< indicates that
the corresponding distance measure performed worse than POW, while the symbol£ indicates that the corresponding distance
measure performed better than POW with signi�cance at the5~ level by McNemar's test [22].

contaminated by outliers. This table also includes the results
from McNemar's test [54] conducted between the proposed
distance and each of its competitors. We can observe that
Drop-DTW and POW obtained the highest classi�cation
accuracies on most of the datasets. From the results of
McNemar's test, we can also con�rm that they signi�cantly
outperformed most of the remaining distance measures.
One prominent reason is that Drop-DTW and POW include
mechanisms to exclude abnormal elements when aligning
the two time series. Consequently, they exhibit robustness
in the presence of outliers. Other distance measures, such as
those based on shape description and alignment weighting,

can also mitigate the impact of outliers. However, these
approaches appeared to be less e�ective than the outlier-
removing mechanisms of Drop-DTW and POW. Next, we
examine the performance di�erences between DTW variants
and OT-based distances. The results presented in Table 2
indicate that, in most datasets, OT-based approaches out-
performed the DTW variants. The best performance was
achieved with POW. This validates the importance of align-
ment �exibility when calculating distances, as it helps re-
duce the e�ects of local distortion and provides better match-
ing between elements of the two time series.
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(a) DTW

(b) Drop-DTW

(c) OPW

(d) POW

Figure 8: Alignments returned by several methods on two video
sequences of di�erent people performing the walking action
taken from Weizman dataset. The solid lines show the frame-
wise matching and the fourth frame of the second sequence is
the outlier, which is signi�cantly di�er from the other frames.

Following many prior works in time series classi�cation
[37, 61] we further constructed a critical di�erence (CD)
diagram to compare the performances of k-NN with di�erent
distance measures in terms of statistical signi�cance. Figure
7(a) shows the CD diagram, which depicts the mean rank
corresponding to each distance and indicates whether two
distances exhibit a statistically signi�cant di�erence in per-
formance based on the Wilcoxon signed-rank test (� = 0:05)
[22]. The conclusion is consistent with the �ndings from
Table 2.

We also evaluated the performances of k-NN with dif-
ferent distance measures on the original UCR datasets (with
no added outlier). For each dataset, we merged the original
training and test sets and randomly re-divided them into
�ve equal folds. Then, the classi�ers were executed on each
dataset using 5-fold cross-validation. The results are pre-
sented in Table 3, and the corresponding Critical Di�erence
(CD) diagram is depicted in Figure 7(b). Notably, even in
the absence of outliers, POW maintains its position as the
best distance measure, albeit with performance di�erences
that are not as signi�cant as in the presence of outliers.
OPW reaches better performances than both Drop-DTW
and OPW (even if these di�erences are not statistically
signi�cant according to the Friedman test with� = 5~ . Both
POW and OPW are grounded in the Optimal Transport (OT)
framework. However, the proposed regularization in POW
e�ectively mitigates numerical instability issues, resulting
in slightly better accuracy compared to OPW.

We then evaluate the performance of the aforementioned
distance measures on the Weizmann dataset. Figure 8 il-
lustrates the alignments generated by various measures for
two videos featuring di�erent subjects performing a walking
action. Notably, Drop-DTW and POW demonstrate e�ective
exclusion of abnormal frames from the alignment, thanks
to their outlier-removing mechanisms. In contrast, methods
like DTW and OPW align all frames, including the outliers.
This inclusion of abnormal frames signi�cantly impacts
the distance calculation, leading to unreliable results. Fur-
thermore, the �gure illustrates that POW achieves better
frame-wise matching compared to DTW and Drop-DTW.
Indeed, unlike these methods that strictly prevent alignment
between frames in one video sequence and those preceding
the already aligned frames in the other sequence, POW
o�ers �exibility inherited from Optimal Transport (OT).
This �exibility is crucial in aligning frames from human
action videos with periodic patterns, where strict constraints
may lead to mismatches. As a consequence, alignment re-
sults of POW are more suitable for practical applications.
Table 4 and Table 5 shows the classi�cation results on
the Weizmann dataset with and wihout adding outliers re-
spectively, using k-NN with di�erent distance measures.
These tables also include the results of McNemar's test
conducted between the proposed distance and each of its
counterparts. Notably, POW consistently enables k-NN to
achieve the highest classi�cation accuracy when the dataset
is contaminated by outliers, highlighting the advantages of
the proposed distance. On the original dataset, OPW and
POW exhibit competitive performances and signi�cantly
surpass the remaining baselines. Although OPW facilitates
the 1-NN and 3-NN classi�ers in achieving the highest
accuracy, its performances with the remaining values ofk
do not exhibit signi�cant di�erences compared to those of
POW. Therefore, on this dataset, we can consider POW as a
viable alternative to OPW, with the advantage of numerical
stability.
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Distance 1-NN 3-NN 5-NN 7-NN 15-NN 30-NN

Variants
of

DTW

DTW 69.50 (4.05)< 45.25 (5.14)< 72.00 (3.69)< 69.75 (5.58)< 64.70 (3.59)< 66.82 (4.21)<
Soft-DTW 52.50 (4.54)< 58.25 (3.55)< 55.25 (4.17)< 54.25 (4.11)< 53.27 (3.92)< 55.21 (3.83)<
SS-DTW 60.42 (3.50)< 59.55 (4.15)< 57.03 (4.11)< 59.25 (3.47)< 54.12 (3.99)< 56.62 (4.05)<
GW-DTW 65.61 (4.15)< 52.61 (3.91)< 62.55 (4.37)< 60.15 (4.19)< 61.08 (3.94)< 63.28 (3.73)<
Drop-DTW 79.50 (3.83)< 80.25 (4.16)< 77.75 (3.68)< 71.25 (3.76)< 73.24 (3.72)< 76.60 (4.19)<

OT-based
distances

OPW 76.25 (3.56)< 81.34 (3.92)< 75.54 (3.48)< 78.46 (3.52)< 79.03 (4.17)< 79.62 (4.23)<
WSK 79.67 (4.16)< 80.82 (4.13)< 79.32 (3.87)< 81.01 (3.82) 77.77 (3.93)< 78.82 (3.78)<
OTW 75.54 (4.48)< 76.55 (4.16)< 77.05 (3.92)< 76.59 (4.18)< 76.42 (3.85)< 76.69 (4.01)<
POW 92.00 (3.08) 95.25 (3.12) 86.75 (3.09) 81.25 (3.17) 84.12 (3.05) 83.86 (3.21)

Table 4
The classi�cation results of k-NN with di�erent distance measures on the Weizmann dataset with additional outliers. The classi�ers
were executed on each dataset �ve times with varying proportions of outliers, and the average accuracy in percentage, along with
the standard deviations (in brackets), are reported. The highest accuracy for eachk is presented inbold. The symbol< indicates
that the corresponding distance measure performed worse than POW, while the symbol£ indicates that the corresponding distance
measure performed better than POW with signi�cance at the5~ level by McNemar's test [22].

Distance 1-NN 3-NN 5-NN 7-NN 15-NN 30-NN

Variants
of

DTW

DTW 87.50 (4.35)< 82.50 (4.27)< 82.50 (3.88)< 80.40 (4.20) 77.30 (3.75)< 79.94 (4.45)<
Soft-DTW 88.30 (4.48)< 82.10 (3.22)< 82.10 (3.05)< 80.80 (3.45)< 79.67 (3.13)< 79.67 (3.51)<
SS-DTW 83.50 (3.77)< 79.45 (4.03)< 80.05 (4.27)< 79.58 (3.89)< 75.62 (4.08)< 76.33 (4.21)<
GW-DTW 85.81 (4.35)< 82.55 (4.11)< 82.03 (4.65)< 80.37 (4.41)< 81.05 (3.87)< 79.32 (3.85)<
Drop-DTW 89.33 (4.05)< 83.75 (4.71)< 79.57 (3.83)< 81.54 (4.05)< 79.44 (4.52)< 75.67 (3.94)<

OT-based
distances

OPW 97,50 (3.42) 95.00 (3.86) 90.41 (2.37) 87.33 (3.48) 84.12 (4.35) 81.16 (4.52)
WSK 87.42 (3.98)< 84.64 (4.42)< 84.22 (3.95)< 80.11 (3.52)< 76.38 (3.37)< 75.87 (3.48)<
OTW 85.67 (4.18)< 85.85 (4.53)< 83.36 (3.84)< 82.87 (4.24)< 79.84 (3.94)< 77.67 (4.15)<
POW 96.67 (3.44) 94.14 (3.17) 89.50 (3.31) 88.67 (3.63) 84.42 (4.10) 82.46 (3.83)

Table 5
The classi�cation results of k-NN with di�erent distance measures on the Weizmann dataset without adding outliers are presented.
The dataset was divided into 5 equal folds, and the classi�ers were executed on each dataset using 5-fold cross-validation. The
average accuracy in percentage on all the folds, along with the standard deviations (in brackets), are reported. The highest
accuracy for eachk is presented inbold. The symbol< indicates that the corresponding distance measure performed worse than
POW, while the symbol£ indicates that the corresponding distance measure performed better than POW with signi�cance at
the 5~ level by McNemar's test [22].

6.2. Multi-step localization
Datasets.In our multi-step localization experiments, we

used three recent instructional video datasets: CrossTask2

[80], COIN3 [67], and YouCook24 [79]. CrossTask includes
2750 videos showing 18 di�erent tasks, while YouCook2
has 2000 videos covering 89 recipes, and COIN contains
11827 videos with 778 procedures. We processed these
datasets using a pretrained vision and language model to
get embeddings for video frames and steps. Each dataset
was divided into training, validation, and testing sets with a
ratio of 60/20/20. Although all datasets provide frame-wise
labels for the start and end times of each step in a video, we
only considered a set of steps in a weakly-supervised mode.
It is worth noting that our approach di�ers from previous
work, where sequences of steps following the exact order of
occurrences in the video were required.

Compared methods.We compare our methods with the
following weakly supervised baselines:

2https://github.com/DmZhukov/CrossTask
3https://coin-dataset.github.io/
4http://youcook2.eecs.umich.edu/

ˆ D3TW [16] that learns to align video frames with its
step labels using a di�erent di�erentiable formulation
of DTW and a discriminative loss,

ˆ OTAM [15], which is an extension of D3TW that
allows skipping through outliers at the beginning and
end of video sequences,

ˆ Drop-DTW [24] that aligns frame and step embedings
using DTW framework equipped with mechanism to
drop irrelevant frames,

ˆ Graph2Vid [25], which capture all possibe orders of
steps in the given set using �ow graphs and align them
with frames using Drop-DTW.

Note that all the above methods require to specify ground
distance between frame and step embeddings in advance.
For a fair comparison, similarly to [24, 25], we use cosine
distance as the ground distance for all the methods.

Evaluation methods.We assess the performance of the
proposed methods and baselines using two distinct metrics.
The �rst metric,Framewise accuracy (Acc.)[67], calculates
the proportion of correctly labeled frames (excluding out-
liers) relative to the total number of frames. The second

Tung Doan et al.: Preprint submitted to Elsevier Page 15 of 22



Partial Ordered Wasserstein Distance for Sequential Data

Method
CrossTask YouCook2 COIN

Acc. IoU Mc Acc. IoU Mc Acc. IoU Mc
D3TW 11.23 9.31 < 26.72 22.73 < 23.72 19.77 <
OTAM 18.86 10.84 < 33.20 26.45 < 28.66 21.18 <
Drop-DTW 67.34 19.91 < 48.92 31.16 £ 50.74 23.25 <
Graph2Vid 68.12 20.24 < 48.64 32.31 51.44 22.92 <
POW 68.30 19.25 < 47.51 25.66 51.93 23.53 <
SRPOW 70.31 20.55 47.23 28.99 53.84 25.65

Table 6
Results of di�erent methods performing multi-step localization
inference tasks on CrossTask, COIN, and YouCook2 datasets.
The highest scores for each datasets are presented inbold. The
column "Mc" shows the result of the McNemar's test. The
mark < indicates that the corresponding method performed
worse than SRPOW with statistical signi�cant at the5~ level.
If the mark is £, the corresponding method performed better
than SRPOW with signi�cance at the 5~ level.

metric, Intersection over Union (IoU)[79], quanti�es the
overlap between predicted and actual time intervals for each
step label. It is determined by dividing the sum of the
intersections of these intervals by the sum of their unions.
It is worth noting that IoU is the more stringent of these
two metrics because it heavily penalizes any misalignment.
In addition to the above two metrics, we also conduct the
McNemar's tests [54] between the proposed method and
each baselines. The signi�cance level was set to� = 0:05.

Parameter tuning. SRPOW has three parameters: the
transported masss; the parameter� for order regularization;
and the parameter
 for segment regularization. During the
training phase, we sets as the ratio between the number
of outlier frames and the total number of frames since
the ground truth labels for each frame were provided in
advance. In the inference phase, we employed Algorithm
2 to automatically approximate the best transported mass
s. The remaining two parameters were selected through a
grid search. Note that, when
 = 0, SRPOW reduces to
the original POW version. Therefore, in our experiments, we
also set
 to zero for an ablation study. For the Graph2Vid
method, we utilized the �ow graphs provided by the au-
thors5, which were constructed for the CrossTask dataset.
For the two remaining datasets, we generated the �ow graphs
based on the step information provided in the ground truth,
following the procedure proposed in [25]. Parameters for the
remaining methods were set according to the original papers.

Results and discussion.Table 6 shows the results of
di�erent methods on the multi-step localization task. We
also visualize the results for two video examples in Figures
9 and 10, respectively. It is evident that D3TW, solely based
on DTW, performs poorly on all the datasets. Since DTW
lacks a mechanism to remove outliers, D3TW cannot exclude
irrelevant frames, such as people talking and advertisements,
from the alignment. OTAM mitigates this issue with the
ability to skip outlier frames at the beginning and end
of video sequences. However, as outliers often intersperse
within video sequences, OTAM appears to be ine�ective.
Drop-DTW outperforms both D3TW and OTAM on all the

5https://github.com/SamsungLabs/Graph2Vid

Figure 9: Step assignment results on an instructional video
of making Kerala Fish Curry from CrossTask dataset of the
proposed methods and baselines. Di�erent colors correspond
to di�erent steps.

Figure 10: Step assignment results on an instructional video
of making Meringue from CrossTask dataset of the proposed
methods and baselines. Di�erent colors correspond to di�erent
steps.

datasets. This result validates the e�ectiveness of its outlier-
removing mechanism.

Graph2Vid extends Drop-DTW by constructing a �ow
graph to capture all possible orders of action steps in the
given set for each video. Therefore, it can handle videos
where people perform the same activities in di�erent orders.
Table 6 shows that Graph2Vid achieves slightly better results
than Drop-DTW on CrossTask and surpasses all the com-
petitors on YouCook2 in terms of the IoU metric. However,
we note that Graph2Vid constructs the graphs assuming that
each step occurs only once in each video. This assumption
is unrealistic, as can be observed from the ground truth
depicted in Figures 9 and Figure 10, where a step can be
repeated several times in a video.

Similar to Drop-DTW, POW and its segment-regularized
version are equipped with an outlier-removing mechanism
whose parameter is selected automatically and adaptively
from the data. Therefore, the proposed distance measures,
as exhibited in Table 6, show signi�cant improvements over
D3TW and OTAM. By inheriting the �exible alignment
ability from the OT framework, POW and SRPOW can
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Figure 11: Step assignment results on an instructional video
of replacing rearview mirror glass from COIN dataset of the
POW with and without segment regularization. Di�erent colors
correspond to di�erent steps.

assign frames to their corresponding steps, disregarding
repetitions and the local swap in the order of the action
steps. It is worth noting from Figures 9 and 10 that POW
divides several steps with long durations in the videos into
many fractions, which negatively a�ects its step assignment
results. SRPOW with segment regularization, in contrast,
produces much smoother results. Thus, its step assignment
is more consistent with the ground truth than the original
version of POW. Figure 11, which compares step assignment
results between POW and SRPOW in a video example from
the COIN dataset, further reinforces the assessment above.

7. Conclusion
In this paper, we introduce a novel distance measure

called Partial Ordered Wasserstein(POW) for sequential
data. Built upon the OT framework, POW possesses two
particularly bene�cial properties. First, POW can produce
�exible alignments to handle local distortions in sequences.
Second, it allows for limiting the amount of transported
mass to prevent outliers from deteriorating the alignment and
in�uencing distance calculations. We provide theoretical
proof that, by properly setting the amount of transported
mass, we can eliminate all outliers while retaining all normal
elements in the alignment and calculation results.

To facilitate the computation of POW, we introduce an
algorithm for automatic and adaptive selection of the best
value for the portion of transported mass, based on sudden
increases in the �rst derivative of the distance. We exten-
sively study the applications of POW in time-series classi-
�cation and multi-step localization tasks. Additionally, we
propose a segment-regularized version of POW � SRPOW
� to enhance its performance in multi-step localization.
Extensive experiments on widely recognized benchmarks
were conducted for both tasks, and the results con�rm the
advantages of our proposed distance measures over existing
competitors.

Although POW has shown promising preliminary re-
sults, there are still some interesting open problems for
future research. First, akin to existing OT-based distances
like OPW [64], POW employs a regularization term to force
transportation within elements possessing relatively simi-
lar positions in their respective sequences. However, under
certain circumstances, two sequences may exhibit identical

shapes but di�ering evolution speeds. For instance, younger
people often execute a speci�c physical activity more rapidly
than their elder counterparts. In such scenarios, facilitating
transportation between some elements with distant posi-
tions becomes imperative. Hence, we are currently explor-
ing novel regularization techniques that can accommodate
sequences with both similar and di�erent evolution speeds.

Second, a noticeable trend in recent research involves
integrating distance measures for sequential data into deep
neural networks (DNNs). Given that POW is also grounded
in the OT framework just like OTW, there also exists po-
tential for its integration into DNNs. In addition, recent
advancements in DNN architecture, such as subnets formed
by groups of neurons, as proposed in [74], present an op-
portunity to enhance capacity and reduce computational
workloads [72, 77, 76] of DNNs. Incorporating the proposed
distances within such novel architecture represents a new
and exciting avenue for our future research.

A. Proof of Lemma 1
In this appendix, we provide a detailed proof of Lemma

1. Recall that

T <
s< = argmin

TË� s< .uN ;uM /

NÉ

i=1

MÉ

j =1

di;j ti;j +�
NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j ;

(27)

wheres< = N +

N
is the total mass that corresponds to normal

elements in sequenceX . We aim to show thatT <
s< has no

entryt<i;j > 0 such thati Ë I * . In other words, no mass that
corresponds to outliers inX is transported toY.

We prove this by contradiction. Speci�cally, we assume
that there is at least one indexi * Ë I * such thatt<i* ;k > 0.
Then, we have the following:

É

iËI +

MÉ

j =1

t<i;j < s<: (28)

This inequality indicates that all the mass from normal
elements inX is not fully transported toY. Therefore, there
exists an indexi+ Ë I + such that

MÉ

j =1

t<i+ ;j <
1
N

: (29)

Let � = min
�

t<i* ;k; 1
N

*
³ M

j =1 t<
i+ ;j

�
. We then construct a

new transport matrixTs< from T <
s< as follows:

ti;j =

h
n
l
n
j

t<i* ;k * � if i = i * ; j = k
t<
i+ ;k

+ � if i = i+ ; j = k
t<i;j otherwise

(30)

It is obviously thatTs< Ë RN • M
+ . Furthermore, we have

1ñ
N Ts<1M =

NÉ

i=1

MÉ

j =1

ti;j = s<: (31)
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This is becauseTs< is only di�erent from T <
s< at two entries

ti* ;k andti+ ;k. However, it is clear that

ti* ;k + ti+ ;k = t<i* ;k * � + t<i+ ;k + � = t<i* ;k + t<i+ ;k (32)

Therefore, summation of their entries remains the same. We
also have

Ts<1M f uN ; (33)
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MÉ

j =1

ti;j =
MÉ

j =1

t<i;j f
1
N

Åi Ì ^ i * ; i+ ` ; (34)
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Ts< also satis�es

T ñ
s<1N f uM ; (37)
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From (31), (33), and (37), we haveTs< Ë � s<.uN ; uM /.
Recall thatTs< is only di�erent from T <

s< at two entries of
index.i * ; k/ and.i+ ; k/, therefore, we have
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Equation (40) is derived from the facts that
�

i*

N
* k

M

� 2
g 0

and
�

i+

N
* k

M

� 2
f 1. Recall thatdi* ;k g C.dmax+ � /, while

di+ ;k f dmax. Therefore, we have

�
di* ;k * di+ ;k * �

�
� g 0: (41)

This contradicts to the fact thatT <
s< is the optimal solution

of the problem (27). As a result, the assumption is incorrect
and we can conclude thatT <

s< has no entryt<i;j > 0 such that
i Ë I * . The proof is completed.

B. Proof of Lemma 2
This appendix provides a detailed proof of the Lemma 2.

From de�nition of the derivative, we have the followings

)P OWX ;Y .s<* � /

)s
= lim

� s™0

P OWX ;Y .s<* � +� s/* P OWX ;Y .s<* � /

� s
; (42)

)P OWX ;Y .s<+� /

)s
= lim

� s™0

P OWX ;Y .s<+� +� s/* P OWX ;Y .s<+� /

� s
; (43)

where� s is a very small mass that satis�es0 g � s < � .
From Lemma 1, we know that bothT <

s<* � andT <
s<* � +� s have

no entries of index.i; j / such thati Ë I * . Therefore, the
additional mass� s is transported from normal elements of
X to Y. This implies that

P OWX ;Y .s<* � +� s/* P OWX ;Y .s<* � / f � s• dmax: (44)

Substituting (44) into (42), we have

)P OWX ;Y .s< * � /

)s
f lim

� s™0

� s • dmax

� s
= dmax: (45)

Similarly, it is obvious thatT <
s<+� starts to trasnport masses

from outliers in X to Y as it total transported mass is
now larger thans<. Therefore, consideringT <

s<+� +� s, the
additional mass� s is de�nitly also trasnported from outliers.
This implies that

P OWX ;Y .s<+� +� s/* P OWX ;Y .s<+� / g � s• C.dmax+� /:

(46)

Substituting (46) into (43), we have

)P OWX ;Y .s< + � /

)s
g lim

� s™0

� s • C.dmax + � /
� s

= C.dmax+� /:

(47)

The proof is completed.

C. GCG algorithm for SRPOW
In this appendix, we drive the generalized conditional

gradient (GCG) algorithm for solving optimization problem
(26) of segment regularized - POW (SRPOW). In general,
the GCG algorithm framework addresses the scenario of

Tung Doan et al.: Preprint submitted to Elsevier Page 18 of 22



Partial Ordered Wasserstein Distance for Sequential Data

Algorithm 3 : Generalized Conditional Gradient

1: Initialize k = 0 andT 0 Ë B;
2: while not convergencedo
3: With G Ë ( f

�
T k

�
, solve

T ? = argmin
TËB

êT;GëF + g.T /;

4: Find the optimal step� k

� k = argmin
0f � f 1

f
�
T k + � � T

�
+ g

�
T k + � � T

�

with � T = T ? * T k

5: T k+1 } T k + � k � T , setk } k + 1;
6: end while

constrained minimization of composite functions de�ned as

min
TËB

f .T / + g.T / (48)

wheref .�/ is a potentially non-convex di�erentiable func-
tion, g.�/ is a possibly non-di�erentiable convex function,
and B represents any convex and compact subset ofRd.
Details of GCG for solving the general problem (48) are
presented in Algorithm 3.

The GCG algorithm has been shown in [9] that it con-
verges towards a stationary point of (48). In the case of
SRPOW, we set

f .T / = êD ;TëF + 
 ôôôST ñ ôôô
2

F
(49)

and g.T / = �
NÉ

i=1

MÉ

j =1

0
i

N
*

j
M

1 2

ti;j ; (50)

and B = � s.uN ; uM /. Then algorithm 3 can be ultilized
to solve the problem (26) of SRPOW. Sinceg.T / is di�er-
entiable, stronger convergence results can be obtained. We
further denote
. T / = ôôST ñ ôô

2
F and �nd that
. T / is also

di�erentiable with respect toT . Computation of its gradient
(
. T k / is derived in more details in Appendix D. Therefore,
step3 of the algorithm 3 boils down to

T ? = argmin
TË� s.uN ;uM /

êT;D + 
 (
. T k /ëF
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j =1

0
i

N
*

j
M

1 2

ti;j (51)

Interestingly, the problem at hand corresponds to the original
POW problem. Therefore, we can ultilize matrix scaling
algorithm to e�ectively solve it.

D. Gradient computation of segment
regularization
We have


. T / = ôôôST ñ ôôô
2

F
= ôôôT Sñ ôôô

2

F
= Tr

�
T Sñ ST ñ �

: (52)

Let J be theM • N matrix whose entries are all 0 except
one at positioni; j , which is equal to1. Let � T = � J , where
� > 0 is tiny. Then
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Comparing this result with
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. T / + � ) 
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ontain
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