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Partial Ordered Wasserstein Distance for Sequential Data

Tung Doan,Tuan Phan,Phu Nguyen,Khoat Than,Muriel Visani,Atsuhiro Takasu

A novel method for calculating the distance between sequences is proposed. Building upon the optimal transport
framework with limited transportation, the resulted distance is exible when aligning the two sequences and robust
on sequential data that is contaminated by outliers.

The paper further analyzes the properties of the proposed distance. Based on that, an e ective procedure is introduced
to automatically and adaptively select the amount of transported mass that is crucial for the outlier robustness of the
proposed distance.

The application of the proposed method are studied in two tasks, including time-series classi cation and multi-step
localization.

Extensive experiments are conducted on widely available public datasets to evaluate the performance of the proposed
distance.
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ARTICLE INFO ABSTRACT

Keywords Measuring the distance between data sequences is a challenging problem, especially in the presence of
Optimal transport outliers and local distortions. Existing measures typically align the two sequences before calculating
Outlier robustness their distance based on the di erence between the corresponding elements. However, those alignments
Sequence alignment are not exible enough to accommodate local distortions and severe e ects of outliers. In this article,
Time-series classi cation we propose a novel distance, termedPastial Ordered WassersteiftOW), which is exible to align
Multi-step localization two sequences and robust w.r.t outliers. We further analyze some properties of the proposed distance,

and show that POW enables a simple way to automatically and adaptively select the amount of
transported mass, so as to accommodate outliers. Two di erent applications of POW are then studied:
time-series classi cation and multi-step localization. Finally, we conduct extensive experiments on
widely available public datasets to evaluate the performance of the proposed distances. Experimental
results, obtained via a thorough experimental protocol, show the performance superiority of POW
over several existing distance measures. Our Python source code is availafybe:agithub.com/
TungDP/Partial-Ordered-Wasserstein-Distance

1. Introduction distance function. Although DTW is able to compare se-
guences with di erent lengths, it still su ers from two severe
limitations. Firstly, it strictly adheres to the monotonicity
: o constraint, that mandates an ascending order among the
formatics [40], and trac monitoring [49, 48], to name corresponding elements. As sequential data often exhibit

a few. Machine learing and data mining tasks inVOIVir'gIocaI swaps and distortions, DTW may induce inaccurate
sequential data typically require an e ective distance metric '

: H di h a dist ‘alignments in such cases. Secondly, and more critically,
0 compare sequences. However, nding such a distance I§r, js sensitive to outliers. By enforcing correspondences

a challenging problem. Firstly, sequences can have di erenfanveen all elements of both sequences, DTW may align

lengths, making conventional distance measures for VeCtoraanormal elements with normal ones in the presence of

such as Euclidean distance or its variants mostly InappllEutliers, leading to suboptimal alignments and inaccurate

cable. Secondly, local distortions often occur in sequentia istance measurements. The alignment example in Figure
data. For instance, in a sequence of steps to perform thf .

: ) (a) demonstrates how DTW aligns sequences.
same action, such as making a Taco Salad, one person may Recently, [64] opened up a new direction for solving
add tortilla before adding meat, while another person may d e rst Iimitéltion of DTW. More speci cally, the authors
the opposite. Thus, a proper distance metric should be ab ew elements of the sequence as empiric’al samples from
to recognize similarity despite such local swaps. Last buEEm unknown distribution. Alignment between the two se-
not least, sequential data often contains anomalous eleme Sences is then carried out using the Optimal Transport
due to errors in the data collection process. Therefore, whe

. . T) framework [70, 58, 71]. Slightly di erent from the
measuring the distance between two sequences, there ne ?ginal version of OT, the authors incorporate two order-
to be a mechanism to remove the in uence of such outliers ’

X reserving regularizations to take into account the dier-
Many attempts have been made to de ne a meaningfu

dist bet A th ts. D ences in positions among the elements. As a result, this
Istance between sequences. Among those € orts, Ynam'gpproach e ectively relaxes the strict constraints in DTW
Time Warping (DTW) [62] is perhaps the most widely a

; . : . o nd shows competitive performance on various sequential
adopted distance. The calculation begins with aligning th%atasets [65, 8, 66]. Despite these advancements, OT-based
two sequences using a dynamic programming algorith L !

istances are still hindered by the outlier issue. Like DTW,

; i
to nd correspondences between their elements. The nalOT mandates transportation between all elements of both

distance is then de ned as the cumulative sum of di erencesg quences. Consequently, in the presence of outliers in se-

ential data, OT-based methods incorporate anomalous

Sequential data is now ubiquitous in various elds, in-
cluding computer vision [44, 32, 17], nance [6, 68], bioin-

between corresponding elements, measured by a grou

<Corresponding author elements in the alignment, resulting in deteriorated dis-
ES tungdp@soict.hust.eduvn (T. Doan); tance measures. Figure 1(b) shows an example of alignment
tuan.pm194461@sis.hust.edu.vn (T Phan);phu.nd194447@sis.hust.edu.vn Obta|ned us|ng OPW [64] a representatlve Of OT_based
(P. Nguyen)khoattg@soict.hust.edu.vn (K. Than); methods
muriel.visani@univ-Ir.fr (M. Visani); takasu@nii.ac.jp (A. Takasu) ot . .
ORCID(S): 0000-0003-1798-9671(T. DoanN);0000-0001-7513-474%(M. In this paper, to fully address the aforementioned issues
Visani); 0000-0002-9061-7949(A. Takasu) of DTW, we introduce a new distance between sequences,
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Figure 1: The alignment matrices returned by (a) DTW, (b) OPW, and (c) POW, respectively, for two video sequences featuring
di erent subjects performing a walking action taken from the Weizmann dataset. In these matrices, if the entry in positidn /

is represented in white, it indicates that the™ frame of the rst sequence is matched with thg ™ frame of the second sequence,
and vice versa. In the alignment produced by DTW, if two white cells are at positionis;j,/ and .i,;j,/, then i, <i, implies

j1 <], This is the monotonicity constraint that is relaxed in OPW and POW to produce more exible alignments. It is important

to note that the fourth frame of the second sequence is an outlier and should not be matched to any frame of the rst sequence.
POW achieves this condition, where the column is marked in green, while the corresponding columns obtained by DTW and

OPW contain a white cell and are marked in red.

namedPartial Order WassersteiffPOW). Its de nition is

are more robust and e ective in comparison with existing

also based on the optimal transport framework. Howeverdistance measures for sequential data.

unlike the existing OT-based distances that transport all
the mass from one sequence to the other, POW limits thiows:
amount of transported mass. In this way, the mass from the
abnormal elements of one sequence is prevented from being
transported to elements of the other sequence, and vice-
versa. As a result, it minimizes the impact of outliers on
the distance calculation. In addition, we also incorporate a
simple yet e ective regularization term into the framework.
This encourages the transportation between elements with
relatively similar positions and prevents transportation be- -
tween distant elements. Figure 1(c) illustrates the robust and
exible alignment returned by POW.

Compared to the regularization terms proposed in [64],
our regularization term is much simpler and more e ective.
It has a reduced number of hyperparameters, decreasing de- _
pendence on the tuning process, which can be very tedious.
In addition, by avoiding introducing a negative term into the
objective function as in [64], our regularization makes the -~
calculation procedure of the proposed distance more stable.
We note that the robustness of POW is heavily dependent
on the percentage of transported mass. Thus, we provide
an analysis of the proposed distance's properties. Based on
that, we introduce an e ective procedure for automatically
selecting the amount of mass to be transported.

In summary, the contributions of this paper are as fol-

" Introduction ofPartial Order WassersteifPOW) -

a novel distance measure for sequential data. Lever-
aging the optimal transport framework with limited
transportation, POW o ers exibility in aligning two
sequences and robustness against outliers a ecting
sequential data.

Analysis of the POW distance's properties. This anal-

ysis leads to the development of an e ective procedure
for automatically and adaptively selecting the amount

of transported mass, a crucial aspect for outlier robust-
ness.

Applications of POW in two tasks, namely time series
classi cation and multi-step localization.

Extensive experiments on widely used benchmark
datasets to evaluate the performance of the proposed
distance measure, and an in-depth discussion about
these results.

The rest of this paper is organized as follows: In section
2, we brie y review existing distance measures for sequen-

Finally, we study applications of the proposed distancetial data. We then present some background in section 3 to

in di erent tasks: time series classi cation and multi-step lo- derive the de nition of a new distance. Section 4 introduces
calization. Extensive experiments were conducted on widelgn outlier-robust method for calculating a novel distance
used public datasets to evaluate the performance of theaeasure, termed as Partial Ordered Wasserstein (POW)
proposed distance. The results verify that our approachedistance, between two sequences. In this section, we also
present an e ective procedure for automatically and adap-
tively selecting the amount of transported mass. In section

Tung Doan et al.: Preprint submitted to Elsevier Page 2 of 22
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5, we study applications of the proposed distance on twdpeci cally, [39] proposed Weighted Dynamic Time Warp-
tasks: time series classi cation and multi-step localization.ing (WDTW) that assigns weights to alignments, taking
Extensive experiments for evaluating the performance of théhe local di erences between elements of the sequences
proposed distance, as well as an in-depth discussion abointo account. It is widely known that the original Dynamic
these results, are provided in Section 6. Finally, section Time Warping (DTW) is a special case of WDTW when
concludes the paper. the weight for each alignment in DTW is set 1o [49]
Notations. We use the following conventions and no- furtherintroduced Gaussian Weighted Dynamic Time Warp-
tations throughout this paper. Lower-case letters in boldng (GW-DTW). It is an extension of WDTW, where a
denote vectors, while capital letters in bold denote matricesGaussian probability function was introduced for calculating
For a matrixA, its entry at positioni;j/ is denoted by the weights of alignments. [5] proposed to weight features
a;j. x, represents the Dirac unit mass concentrated at thef the elements instead of the alignments. Local stability,
elementx;. The simplex inRN is denoted by y =~ E estimated through a sequential averaging method, is utilized

RN, g 0 Aand iN=l = 1. 8A;Bé& represents the N [56] to determine alignment weights.
Frobenius inner product of two matricAsandB, calculated Both shape-based and welghte.d-based approaches at-
as TtARB/. For E RN, diag. /istheN « N matrix temptto attenuate the e ects of outliers. However, because

with diagonal and zero otherwise. We use the notation they are based on the original DTW, their alignments still in-
1y to represent an N-dimensional column vector with alclude the abnormal instances. In o_therwords, these variants
entries equal to one, ar@, represents an N-dimensional have no.mechamsm to remove outliers. Thus, they are forcgd
column vector with all entries equal to zero. The notationto estabish correspondences between all elements (including
_ denotes element-wise division between vectoand outliers) of the two sequences. As a consequence, both
. We denote the probability vector of a uniform distribution shape-based and weighted-based variants of DTW probably

11 L ) produce unreliable nal distance results under the presence
over N elements agy = 538 i3 - Notethat, in  of o tliers,
this paper, the uniform distribution over elements withinthe  Recently, [24] has proposed Drop-DTW with additional
interval.a; by is also abbreviated by .y costs for dropping outliers. However, as Drop-DTW remains

the monotonicity constraint from the original DTW, it cannot
produce exible alignments as our measure does.

2. Related work Our proposed distance measure, POW, is completely dif-

To the best of our knowledge, Dynamic Time Warping ferent from the above approaches. Based on Optimal Trans-
(DTW) [62] is the most widely used distance for sequentialport (OT) framework with limited transportation, POW is
data. However, as mentioned above, it has two severe limeomputed after eliminating all the outliers with proper se-
tations that narrow its application range. More speci cally, lection of transported mass. In Section 6, we will empirically
DTW is sensitive to outliers and excessively restrictive whenshow the importance of its exibility, which enables superior
aligning the two sequences. In this section, we brie y reviewperformance of our distance measure in various disciplines.
existing DTW variants that attempt to improve its robust-  OT-based approach.In order to alleviate the in exi-
ness. We then present a recent OT-based approach that aitviity issue of DTW, [64] proposed the Order-Preserving
to promote more exible alignments. Wasserstein (OPW) distance for sequential data. This mea-

Robust variants of DTW. [43] argued that abnormal sure considers elements of the sequences as empirical sam-
instances often distort the local shape of sequences. This cgtes from an unknown distribution. The OPW distance is
lead DTW to produce skewed alignments and pathologicalhen computed after matching the elements between the
distance results. To address this issue, the authors preequences using the Optimal Transport (OT) framework
posed Derivative Dynamic Time Warping (DDTW), which [70, 58, 71]. To preserve the order among elements of the
uses the rst derivatives containing more robust local shapasequences, the authors employed a regularization term called
information of the sequences to obtain more meaningfulnverse Di erence Moment (IDM) from [3] and assigned
alignments. In a similar vein, [78] introduced Shape Dy-a Gaussian prior distribution on the transportation matrix.
namic Time Warping (ShapeDTW), utilizing various local In comparison with our distance measure, OPW has two
shape descriptors like Piecewise Aggregate Approximatiomrawbacks. First, similar to DTW, OPW has no mechanism
(PAA) [42], Discrete Wavelet Transform (DWT), and slope to remove outliers. The reason is that the OT framework
to achieve more robust alignment. Slope is also exploiteégnforces transporting all mass from one sequence to another.
in [75]. However, the authors in [75] further integrated As a result, the mass from outliers is also transported.
ltering and discretization techniques to reduce the impactNote that, in the OT-based distances, the mass transported
of outliers. Another shape-based variant of DTW was Shapéetween any two elements represents the degree of their cor-
Segment Dynamic Time Warping (SSDTW) [34]. It divides respondence. Our measure, in contrast, enables eliminating
the sequences into segments to characterize their local struabnormal elements from distance calculation. By limiting
tures before carrying out alignment. the amount of transported mass, our approach can prevent

Locality is also considered by weighted-based variantghe transportation of outliers, thus reducing their e ects on
of DTW for alleviating the in uences of abnormal elements. the distance measurement. Second, the IDM regularization
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of OPW introduces a negative regularization term into the. ; /:
objective function of the OT problem. With an inappropriate _
selection of the corresponding regularization parameter, the ©o

matrix scaling algorithm for computing OPW becomes un-ro entryt;; of the transport matrix describes the amount
st_able and may never converge. Qur dlstancg is gompletelé{f mass from ; atx; transported toward the massaty; .
di erent. The regularization term introduced in this paper |, ihe other view, we can consider the transport matrix

preserves the positivity of the objective function. As a result,as soft alignment indicators. Each elemgpirepresents the
the proposed distance measure is more stable and can aVnggree of correspondence betwaelandy-’

. J .
the non-convergence issue. Order-preserving Wasserstein distance Wasserstein

Following the same direction, [35] introduced Grouped igiance is ine ective on sequential data because it ignores
OPW (G-OPW), which extends OPW by considering group+e orger relationship among elements of the sequences. Re-

wise matching instead of element-wise matching. [41] proeny (54] introduced two regularization terms to the orig-

posed replacing the Gaussian prlordlstrlbutpnr:n OPVIV Withina| OT problem to preserve the order information within
a prior distribution constructed based on neighbor relation, o sequences. The rst regularization favors the trasport

ships among the elements to account for data transition%atrix-l- with largeinverse di erence momextDM), which
[8] developed the Wasserstein subsequence kernel (WSKi)s computed as:

which divides sequences into segments of even length and

then computes the distance based on the OT framework. [ t
Because these distances are extensions of OPW or are based |.T/= R w— ®3)
on the original OT, they are still susceptible to outliers i=1j=1
and o er unreliable distance measures. Recently, [46] ap-

plied unbalanced OT [50] to two normalized sequences. Thdhe second regularization encouradew be closed to the
measure only considers the di erence in terms of positionprior matrixP, whose elements is calculated as:

/= TERN"Mary, = ;7M1 = 2)

between elements of the two sequences. Thus, a closed- 2

form distance called Optimal Transport Warping (OTW) is D = 1 N 3L 4

obtained with linear computational time. However, as the Hl : > '

actual geometrical di erence between elements is ignored, ) )

OTW is likely prone to error. L L

yp wherel;; = tgﬁl—“"J and is a small variance. As con-

NZ'mz

3. Background sequences, de nition of the Order-preserving Wasserstein

- . (OPW) distance is given as follows:
Wasserstein distanceGiven two sets of elemend$ =

X1;8 ;Xy andY = yq;8 ;yy in the same space, OPW.X;Y/= &D;TSp,, & (5)
their gorl\gesponding empirjcal probabilities are denoted by_t_TSPW = argmin éD;T& * ,1.T/+ LKL.Td&/(6)

x = iz oiox and y = T v respectively. Here, TE. uyium/
N andM are the numbers of elements of the two S€ts  whereX andY are two sequences of elementgand , are
andY, respectively. The vector = ;8 ; \ = formed  hyperparameters that correspond to the two regularization
by gathering all the weights; belongs to the simplexy .  terms, andKL .T3®/ is the Kullback-Leibler divergence
Similarly, = ;8 ; v | E . Without any further between transport matrik and the prior matri® . Solution
assumptions on the prior knowledge of the elements, one casf the problem (6) is obtained through a matrix scaling
set =uy and = uy to unifrom distributions. Given the algorithm, which alternates between two steps
pairwise ground distance matrix E RN*M | where each

entryd;; represents a geometric distance betwgeamdy;, 2} Ky (7)
the problem of optimally transport, toward  is de ned 1} LKy 8
as follows: 15
whereK = e 2 is the element-wise exponential of the
B matrix* 2B and each entry db is
. — H AN T A — H . 2
W. /= TErmn; /eD,Tq; = _min o dij ti; : H |
i=1j=1 5 12 U
(1) & =dyj*———5—+ 2 S5+lg. 2/ : (9
Lx 1l 49
Here, the minimunW . ,; /is known as the Wasserstein NoOM

distance [71] between the two empirical probablllty mea'After convergence, the solution is Computed as:
sures , and . Since , and , are xed to uniform distri-

bution, hereafter, we also dendté. X ; Y/ the Wasserstein TSpw = diag. j/Kdiag. ,/ (10)

distance between the two seétsandY. T E RN*M is a W b : tion (9) that DM larizati
transport matrix, which belongs to a transportation polytope e can observe in equation (9) tha regularization

implicitly adds a negative term into each entryli)f When
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, is often set to high value as recommended in [64], entrieso limit the amount of transported mass in (11). We rst
of K are unbounded due to exponential operators on positivintroduces such thatd < s f 1 as a fraction of mass to
operands, leading to the well-known unstability of the matrixbe transported. Then the feasible set of the transport matrix
scaling agorithm [58]. In addition, the two regularization changes into
terms of OPW introduces three additional hyperparameters,
namely 1; ,and . Inthe original paper [64], the authors e NeM a L _
had to select values for these perameters through a largel ERS ™70 Ly fuy; Ty £ uy 13Ty =s 1 (12)

s UnsUy /=

number of combinations, which is very laborious. Now, we can derive the de nition of th@artial Ordered
WassersteifPOW) distance as follows

4. Partial ordered Wasserstein distance POW.X;Y/ = &;TSoué (13)
In this section, we propose tiiartial Ordered Wasser- S-t-Trfow = argmin éD;Té&

stein(POW) distance for sequential data. We rst derive its TE sunsum/

de nition as the solution to an optimization problem. We g 0 - 1o

then demonstrate the connection of the proposed formula- + LI ti; 1 (14)

tion with the original OT and propose an e cient algorithm i=1j=1 N M

to solve it. An analysis of POW is also provided. Based 0N js eyident that the robustness of the POW distance heavily
this analysis, we nally introduce an e ective procedure for depends on the selection of the fractienThe optimal

automatically selecting the transported mass, which is vita),5)ye should not be too high, as it may include outliers in

for the outlier robustness of the proposed distance. the transportation. Conversely, the fract®should not be

too small, as it may prohibit the masses corresponding to
normal elements from being transported. Towards the end
of this section, we will provide an analysis of the properties

of POW. Based on this analysis, an e ective procedure is

¥ntroduced for automatically and adaptively selecting the

value ofs.

4.1. Formulation of POW

Given two data sequences = x;;§ ;x5 E RN
andY = y;;8 ;ym E RYM of possibly di erent lengths
(N * M), we view their elements as samples independent!
drawn from uniform distributions. Léd E RY*M denotes
the pairwise ground distance matrix with each erdry
represents a geometric distance betweeandy;. We rst 4.2 Optimization

consider the following regularized OT problem to nd the Objective of the problem (14) can be rewritten as fol-

optimal alignment between the two sequences: lows:
pp 0. 1o B w0, 12
T<= argmin &D;Té&+ LI t;: (11) dij tij + N i
TE. Uy ity / izjm1 NOMOT =1 j=1 i=1 j=1 "
o & it
Here, & * L can be considered as the weight assigned = Ot gty (15)
to entry t;; of the transport matrix, and is a positive I=1i=t
parameter. We can easily observe that the weight is smalfhus, the problem (14) is equivalent to
if the relative positions>- and - are similar, and large - e
otherwise. Therefore, by minimizing the additional regu- Toow = _.argmin &5, Té&; (16)

L - T a TE g.uysuy/
larization term along with the objective of the original OT

problem, we implicitly encouragg; to increase ik; andy;  whereS can be considered as modi ed ground distance
are relatively close to each other and decrease if they are fafatrix of sizeN by M with each entry

apart. We found that our regularization is simpler and more 0 1,

e cient than those proposed in [64]. First, it involves fewer § -+ L« 17)
parameters, thus alleviating the parameter-tuning burden. g bl N M

Second, without including any negative term in the objective, . . .
function, solving (11) using matrix scaling algorithms is Problem (16) can be solved by adding dummy points(according

more stable than that in OPW. to [18]) to expand the cost matrix

With the additional regularization term, the OT-based 4 Oy 5'
problem in (11) can encode the sequential information A
among elements into the optimal transport matrix. However,
it is still susceptible to outliers. More speci cally, all the whereA > 0. Solving the problem (16) now turns into
mass is enforced to be transported from one sequence to tkelving the following problem:
other in formulation (11). When the sequences contain out- <
liers, the transportation of their corresponding mass severely Toow
deteriorates the quality of the solution. Thus, motivated by
the idea of partial optimal transport [13, 29], we propose  lin this paper, we sek = 1 for all the experiments.

(18)

Zo:n @(

= argminéd;T&; (19)
TE. »;>/
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Algorithm 1 Calculate POW is a positive parameter for the entropic regularization, are

Require: Two sequenceX = x;;X»;§ ;x5 E R4"N  accordingly alternated until convergence. However, di erent
andY = yi;y»8 ;yy E R M, transported mass from OPW, Wherg the matrix scaling g[gorlthm is unstablg
sE .0;1], penalty parameter E R, . due to gxpongntlal operators on positive operands as dis-

Ensure: POW .X: Y/. cussed in section 3, we found that such a problem does not

occur in our method. More speci cally, our regularization

. Compute matrid using Equation (17); guarantees that entries of the matBx computed in (17)

2: Compute extended matrB using Equation (18): a*nd (18) are always positive. Therefore, computiig=
2: Initialize: € P viathe entry-wise exponential operator with a positive
parameter limits the values of its entries within the range
o1 n [0;1]. In addition, we observe that entries of bdtand> are
also in the rang0; 1]. Thus,Z; andZ, are always bounded
as the algorithm alternates between the two steps mentioned
5. Use entropic regularization method [19] to approximate:2P0ve. This is in contrast with the algorithm for calculating
OPW, where the matriX is initialized without an upper
T;ow = argminéd; T&-: bound. As a result, when alternating between equations (7)
TE. >/ and (8), values of entries of; and , can easily exceed
the machine precision limit, making the algorithm prone to
6 Remove the last row and column aﬁgow to obtain instab.ili.ty. This phenomenon has also been acknowledged in
T;ow; the original paper [64].
7. ComputeP OW.X:Y/= & ;TP< Outlier robustness.We nally study the robustness of
our distance against outliers. The paramstire fraction
of transported mass plays a vital role in reducing the im-
pact of outliers on POW. Thus, for a given pair of sequences

the optimal transport matrix with the size.0f +1/-by-M + %X @ndY of lengthsN and M, respectively, we denote
1/. This is an original OT problem and we can approximatep OWX v-S/ as a function representing the dependence of
its optimal solution using entropic regularization methodthe distance on th_e tranqurted masset ¥ be the nor-
[19]. Then, the optimal solution of the problem (16) can bemal sequence, whil¥ contains both normal elements and

. " A -
obtained by removing the last row and column of the optimalCUtliers. We denoté ™ and| = as the sets of |nd|cei for
solution of the problem (19). normal elements and outliers, respectivelyNIf = d *d

andN” = & " ddenote the cardinalities of these two sets,

4.3. Analysis then we haveNl = N* + N, whereN is the length of
Complexity. We rst analyze the complexity of our the sequenck . We assume that outliers X are separated

method. In Algorithm 1, it is clear that stefis2; and3  from the elements iiY as follows:

involve calculating and extending the ground distance matrixzssymption 1. For a constantC > 1 and dray being the

of sizeN « M. Without loss of generality, we assume that |5rgest ground distance between normal elements of the two

N g M. Thus, these steps have a computational complexitgequences, then every outlierdris at a distance of at least
of O.N 2/. Step7 has a similar complexity because it relates C.dpa+ ! from any element iy .

to the calculation of the Frobenius product between two
matrices of the same sizBl-by-M . While steps4 and6 ~ Under above assumption, we can establish the following:
can be computed in linear time, the most computationaIIyLemma 1 Lets<= N*
intensive part of our method is induced by stgpwhich ' N
requires solving an OT problem. Fortunately, the entropic

1: Compute the ground distance matix

1 1 f 1
= ;8 ;,;1l*s ;>= =
= N8N M

ow:

where> =[uy;1* s];> =[uy;1* g], andT5,, denotes

and

0 o1
regularization strategy in [19] allows us to approximate < _ A B i, ) 2 .
. . . . - . T<= argmin éD;T& + —* —
the optimal solution of this problem via the matrix scaling SOTE Suyiug/ =154 N M i
algorithm in quadratic time [4, 51]. Therefore, the total = (20)

computational complexity of the proposed metho@.sl 2/.
Regarding memory usage, our algorithm stores severathen, given Assumption T2 has no entrys; > Osuch that

matrices, including the ground distance matrix, the transport g | * | ’

matrix, and their extended versions. The sizes of these . _ _ . .

matrices are at mosN + 1/-by-M + 1/. Thus, the total The proof of Lemma 1 is provided in Appendix A. This

space requirement of our algorithm is ald\ 2/_ lemma Implles tha.t, with a proper selection of the trans-
Numerical stability. We then investigate the numerical Ported mass = s<, all the masses from outliers will be

stability of the algorithm for calculating the POW distance. €xcluded from transportation. As a consequence,

Similar to OPW, our method also employs matrix scaling al- P

gorithm (in step 5 of Algorithm 1). The following two steps: POWyy 7= & Tc& (21)

7,} *._Rz;andz;} >:_KZ, whereR = € P and is robust against outliers. We further show the following:
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Algorithm 2 Approximating the best value for the trans- 1 is usedh times to computé® OWy ;Y.si/;Ai. However, as

ported mass mentioned above, the calculation BIOW .y .s;/ for each
Require: Two sequenceX andY, a positive penalty pa- S; is independent. Thus, we can carry out the computation
rameter , and a width . in parallel, and the time complexity of Algorithm 2 remains
Ensure: Approximation of the best®. guadratic w.r.t the length of the input sequences.
1 n} %
2250} 0 PR
/< Generate a series of valuésy; s;;s,; 8 ;s, ~/ > Appllcathns o
3 fori} 1ltondo ~ In this section, we study applications of the proposed
4 S} Sup +! distance in two tasks, including time-series classi cation
5. end for and multi-step localization. For each task, we will state
6: ComputeP OW .y .s;/ Ai in parallel using Algorithm 1 the problem, brie y review several existing baselines, and

/< Compute the second derivativey; ;; »;§ ; , </  describe how to apply POW to solve the problem.

7. fori} Oton*2 do . . .
8 = POWyy.Sup/ ¥ 2+ POWy.y.Spq/ + 5.1. Time-series classi cation

. Time-series classi cation (TSC) is one of the most im-

P OWy .y .si/ oo . : . .
o endfor portant tasks in time series analysis due to its widespread

10: Smooth the second derivative using the moving averag@PPlications, such as human action recognition [45], fault
method. detection [59], and electrocardiogram diagnosis [27], among

11: Detect the highest peak- in the second derivative. others. The goal of TSC is to predict the class label for a
12: Approximates= U s;< given qnlabel_ed time series input as accurately as possible.
To achieve this goal, many TSC methods have been proposed
over the past few years [1, 31, 69]. These methods can be
divided into three groupd) model-based methodshich
assume that time series from the same class are generated by
a model and classify any unlabeled time series to the class of
POWxy 8™ 1o g the closest- tting modelii) featured-based methogdahich
)s max extract features from time series and classify them based
)P OWy .y .55+ / ) BV
— =g Cudnxt (22)  on the extracted features, aiijl distance-based methods

. )s ) ) . which classify time series into the nearest class in term of a
The proof of this lemma is presented in Appendix B. LemMap e ned distance measure. Methods from the rst group

2implies thatthe rstderivative of the functiddOW .S/ \qyi1d provide very accurate classi cation results if the
will exhibit a noticeable increase in the vicinity sf. By  assumptions on the underlying generative models were ap-
determining this abrupt change, we can obtain an approXsrgpriate for the datasets. However, in practice, deriving the
imation of the best value fos. To do SO, we pPropose a rgjeyant assumptions is often a challenging task. The second
procedure, the details of which are presented in Algorithmy o, can provide classi cation results with interpretability
2. It begins by generating a series of valags;; s,; 8§ ;s,, through feature extraction. However, interpretability comes

Lemma 2. For a small constant> 0, given Assumption 1,
then the rst derivative values

and

wheresy = 0,s, = 1,ands,, * s = ! ;Aiwith > Obeing 5t the cost of high complexity due to the time-consuming
a small width. From these values, we compute a series of 41 re extraction process.

the corresponding OW .y .s/; Al Note th‘aIP_ OWy .y s/ In this paper, with the introduction of the POW distance,
is independent oP OW.y.s;/ for all ] . Thus, the \ye adopt an approach from the third group: distance-based

computation of the series can be carried outin parallel. Thenrgc methods. There are three main distance-based TSC
the second derivative af, denoted by ;, can be calculated approaches. The rst approach is to directly exploit the
asP OW y.Sisp/ * 2 POWk y.Sisg/ + POWky.S/. Re- yreqe ned distance measures within theearest neighbor
peating the calculation for all we .obtaln a series of dis- (k-NN) classi er. The second approach is to employ the
crete values of the second derivativg 1; ;8 | n. After  gigtances to obtain a time series kernel and enable the use
smoothing using & moving average over a sliding window,¢ yerne| methods. Recently, a third approach emerged, that
we detect the highest peak from the smoothed series qfysits distances for sequential data within deep neural
discrete values of the second derivative. This peak indicate§atwork (DNN) models. For instance, [14] introduces a
an abrt_th qhange in the rst derivative, hence providing an,q ral network layer employing DTW to align the inputs
approximation of the best value fer and the outputs. Slightly di erent from that, [38] utilizes

It is worth noting that the approximation accuracy of pryy tg align inputs and the layer weights. [11] substitutes
Algorithm 2 mostly depends on the paraméteBmallerthe e qot product in the rst layer of convolutional neural
width is, better accuracy can be achieved. However, decreagaiyork (CNN) with DTW, forming a deep classi er termed
ing the width will increase the running time. Fortunately, the 54 dynamic CNN. [47] approximates DTW by CNN and uses
computational time of Algorithm 2 is linear in= . Thus,  the approximation to classify EEG data. In OTW [46], OT is

in this paper, we set = 0:001 for all the experiments. integrated into DNNSs following a similar approach to [14].
We note that, in lines of the Algorithm 2, the Algorithm
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healthyfood.co.nz

outlier 1: add lettuce 2: add tomatoes : 4: add tortilla

Figure 2: Muiti-step localization illustration. Given an instructional video (e.g., making taco salad) and a list of steps in text
(e.g., add onion", add lettuce", add tortilla", add meat"), the task of multi-step localization is to align each video frame to
the correct step.

We recommend [10, 1, 37, 61] for more detailed surveys ofocalization task presents several challenges. Firstly, instruc-
such approaches. tional videos often contain many frames unrelated to the
To evaluate the proposed distance and compare it witlprimary activity, such as scenes featuring people talking,
the existing ones, we choose the rst approach. Becauseccasional dishwashing, or advertisements. These frames
POW is directly used by the k-NN classi er, the classi - are considered outliers, and attempting to match them to the
cation results re ect more comprehensively the quality ofsteps would result in meaningless alignments. Secondly, the
the distance. As a result, this rst approach is still widely activities performed in instructional videos may not strictly
used in recent works for comparing distance performancefllow the order of the given steps. For example, when
[10, 61, 28]. On the other hand, in the second approach, thenaking taco salad, one person may add tortilla before adding
distance implicitly contributes to the classi cation results meat, while another may follow a reverse order. Traditional
via the kernel. In addition, k-NN is simple and cannot alignment methods, such as DTW and its variants, tend to
perform complex feature extraction as DNNs do. Thus, thenduce false correspondences because they strictly preserve
performance of k-NN in time series classi cation is much the order when aligning video frames and steps. Finally,
more dependent on the distance used than those of the DNMstructional videos often exhibit a segment structure where
based approaches. many successive frames correspond to the same steps. Fail-
It is worth noting that, despite the simplicity of k-NN, ingto account for this characteristic in the alignment process
it is still a popular choice for time series classi cation. can lead to suboptimal results. A visual representation of the
Experimental results from previous studies [73, 52, 7] havdask is given in Figure 2.
shown that the combination of k-NN with DTW reaches sub-  Existing methods for multi-step localization can be di-
stantial performance and seems to be particularly di cult vided into three groups, includirfglly supervised methods
to signi cantly outperform. To verify the performance of where the start and end times of each step in the video are
the proposed distance combined with k-NN classi ers, inrequired [12, 53, 79, 67}yeakly supervised methqaghich
section 6, we utilize a portion of the UCR time series classitely solely on knowledge of the steps present in the video
cation archive [21], which contains more than 120 datasetq36, 60, 23, 16, 80, 17, 24, 25], anthsupervised methods
originally collected from various domains, such as healthwhich processes text narrations obtained from automated
care, robotics, and transportation. Please note that the UC§peech recognition (ASR) in conjunction with the videos
archive provides only univariate time series data. Thereford63, 44, 26]. While the rst group seems less ideal because
we also apply our method to the Weizmann dataset [30]it requires laborious e orts for labeling the endpoints in the
which is used for human action recognition. Given labeledvideos, methods in the third group are often overly complex
videos of di erent activities, the task is to predict which as they have to process the text that comes from ASR on the
activity is performed in an unlabeled video. All the videos audio, which is noisy and error-prone. Our method falls into
are pre-processed to get the form of multivariate sequencethe second group as it only requires information about the

Further details are provided in section 6. steps in the form of a set. However, existing methods in this
_ o group typically assume that the activity in the video follows
5.2. Multi-step localization the same order as the given corresponding set of steps. This

In this work, we harness the alignment capability of assumption contradicts the fact mentioned earlier that local
POW to address the multi-step localization task, whichreverses often occur. In contrast to existing methods, our ap-
involves inferring the temporal location of procedure stepsproach can handle videos in which people perform the same
within instructional videos. Speci cally, during the infer- activity in di erent orders, thanks to the exible alignment
ence phase, we aim to match each frame, represented bgpability of POW. It is worth noting that recent work in
embeddings, with its corresponding step. The multi-steg25] relaxes the order requirement by creating ow graphs
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Figure 3: Traning phase of the proposed method for multi-step localization. The solid arrows show the forward computation and
the dashed arrows indicate gradient backpropagation.

that capture all possible orders among steps. However, theséhere is a positive penalty parameter. This penalization
ow graphs are constructed assuming that each step occuexplicitly promotes consistency within local regions and dis-
only once in each video, which is often violated in reality. courages abrupt transitions between columns of the optimal
For example, several videos demonstrating the preparatianansport matrix. However, with the introduction of this new
of Kerala Fish Curry repeat steps such as "stir mixture'regularization, solving problem (26) becomes challenging
multiple times, once after adding chili powder and againbecause the matrix scaling algorithm is not directly appli-
after adding sh. cable. Fortunately, we observe that the regularizer speci ed
While POW can provide outlier-robust and exible in equation (23) is continuous, which ensures the continuity
alignment, it lacks a mechanism to e ectively handle seg-of the objective function as well. Furthermore, given that the
ment structures in instructional videos. As a solution, weconstraint set ¢.uy ; Uy, / is a convex, closed, and bounded
introduce of a segment regularization and integrate it withrsubset oRN*M | the objective function reaches its minimum
POW, creating a new variant termsdgment-regularized on .uy;uy/. If the regularizer is strictly convex, this
POW (SRPOW). Specically, letX = x;;8 ;xy E  minimum is unique, which applies to our segment regular-
R9*M gndy = v1;8 ;ym E RY*M representthe stepand ization as mentioned in equation (23). Therefore, we employ
frame-wise video embeddings, respectively. The transporthe generalized conditional gradient (GCG) algorithm [9]
matrix T E RN*M where each elemelqt’j indicates the to solve problem (26). This algorithm operates through an
degree of correspondence betweenithestep and the iterative process that ensures every iteration falls within
frame, encodes the alignment between the video and thes-Un : Uy /- Consequently, the convergence of GCG when
steps. Given that many successive frames are allocated &!ving our problem is guaranteed. Details of the algorithm
the same steps, we can expdctto exhibit smoothness are given in Appendix C.
with respect to its columns. The smoothness of the transport  We utilize SRPOW in both training and inference phases.

matrix can be represented by the following term. At the trainning phase, given pairs of set of steps in text and
R ~ a video, we feed them to a pretrained vision and language
§3Tﬁ§ ; (23) model that was obtained from training on a large instruc-

F

tional video dataset [55]. The outputs of thg model for each
whereS E R-M*2* M js the second-order di erence matrix pair are step embeddingé = x;;8 ;xy E R¥N and
visual embeddingZ = 2z;;8 ;zy E R¥N. Subse-
1 *2 1 quently, we feed the obtained visual embeddings through a
two-layer fully connected neural network, resulting in the
(24) framewise video embeddings = y;;8 ;yw E RIM,
The network is trained by minimizing the lokggpow =
SRPOW.X;Y/. Fig. 3 illustrates the training phase of
_ the proposed method. At the inference phase, we feed the
Then, SRPOW is de ned as unlabled video and its corresponding steps into the trained
SRPOW.X;Y/ = ;T epowb (25) model to obtain the framewise video embeddings and step
_ e embeddings. We then solve the SRPOW problem (26) be-
- ramin /eD T& tween these two sets of embeddings to compute the optimal
s MO 1, transport matrixT <. For thej " column of T<, we nd the
4 [ ] indexi such that = argmaxt?.. . Subsequently, we align the
* t Kij
o N M kN ™
i=1j=1 j ™ frame with thei™ step.

" §5Tﬁ§'2: : (26)

[y
*
N
[y
Qe O

<
S't'TSRPOW

+
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Figure 4: Samples of Time series in BirdChicken dataset from The UCR archive. The top sub gures show original samples, one
for each class, from BirdChicken dataset. The bottom sub gures show these samples after adding outliers

We have provided detailed discussions on time-seriea proportionp from a uniform distributioru o.1.0.5/. Let N

classi cation and multi-step localization tasks as applica-denote the length of the time series in the considered dataset.
tions of our proposed distance. However, it is important towWe then randomly added or subtracigel N elements at
note that POW has broader potential applications due toandomly selected positions in each time-series sequence, up
its ability to align and calculate di erences between two to its maximum value.
sequences. For example, POW can be applied in time series Figure 4 (bottom) shows the time series of the Bird-
clustering tasks [57, 2, 33],where time series are groupehicken dataset from The UCR archive after adding outliers.
based on their similarity without requiring supervised in- It can be observed that the outliers distort the shape of the
formation. Additionally, POW can also be utilized in video time series and pose signi cant challenges to the distance
and text retrieval tasks [24, 44], where the goal is to nd measurement process. We repeated this procedure vetimes.
corresponding clips or captions given a query caption oConsequently, from each dataset selected from the UCR time
clip. These examples illustrate the versatility and potentiakeries archive, we generated ve datasets contaminated by
of POW beyond its initial applications, opening avenues foroutliers with proportions within the range [0.1, 0.5]. Each
future exploration. generated dataset was further divided into tranning and test
sets with a consistent ratio 60_4Q
6. E . We also aimed to investigate the performance of the pro-

. Experiments posed methods on multivariate time series. For this purpose,

In this section, we conduct experiments to evaluate thave utilized the Weizmann dataset [30], which comprises 90

performance of the proposed distances in two tasks: timevideos featuring nine subjects, each performing ten natural
series classi cation and multi-step localization. For eachactions: bend, jack, jump-forward (jump), jump-in-place
task, we will provide a brief description of the preprocessing(pjump), run, side, skip, walk, wave-one-hand (wave 1), and
steps applied to the datasets used in the experiments. We willave-two-hand (wave 2). Figure 5(a) depicts the ten action
then mention the compared distance measures, followed hylasses in the Weizmann dataset.
a description of parameter tuning and the de nitions of the  Initially, we subtracted the background from each frame
evaluation metrics. Finally, we will present the results andof these video sequences and rescaled them to a size of
provide a discussion on the performances of all the distancg0 « 35. For each70 » 35 rescaled frame, we computed

measures. binary features, as illustrated in Fig. 5(b). To reduce the
_ _ o dimensionality of the feature space (fro2450, we re-
6.1. Time-series classi cation tained the topl23 principal components, preservirg9~

Datasets.We selected 20 datasets from the UCR timeof the total energy, for our experiments. Similar to the uni-
series archive [21]. Each of these datasets includes univanariate time-series datasets, to make the experiments more
ate time series of equal length from di erent classes ancchallenging, we randomly sampled a proportipfrom a
was already divided into training and test sets. To make th@niform distributionu .1..5/. Subsequentlyp s N random
experiments more challenging, we added outliers to the time 23.dimensional binary vectors were generated, whére
series. Speci cally, for each dataset, we randomly sampledenotes the length of the video. These vectors replaced the
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(a) Weizmann action classes.

(b) Binary features extracted from videos.

Figure 5: Weizmann action dataset. The dataset consists of (a) Ten action classes performed by di erent subjects and (b) Binary
features, which are extracted from videos, forming multivariate sequences.

original vectors at randomly selected positions within the e Dataset e ?ataset -
. . . L unPoin
video sequences. This procedure was r_epeate_d ve t!me. BeetleFly 10 [ Herring =
and each resulting dataset was further divided into training girgchicken 1 | IltalyPowerDemand 10
and test sets with a consistent ratic6®f 4Q Chinatown 10 | MoteStrain 50
Compared distance measures-or classi cation task, SF’ te‘TPh e ? 8|“veo" 110
i H H H I1stal alanxOutliineCorrec ane
we utlllze_ k-neare;t nelghbor (k-NN) classi er ngpped BietalPh ATV 5 SmooihSubspace =
di erent distances, including POW and the followings: ECG200 50 | SonyAIBORobotSurfacel] 5
. L. . X FaceFour 5 | SonyAIBORobotSurface2| 10
Dynamic time warping (DTW) [62] a widely used [ Fung; 10 | ToeSegmentation2 100
distance measure for time-series data,
Table 1
"~ Soft DTW (Soft-DTW) [20] a smooth variant of The optimal of POW distance on di erent datasets that are
DTW, contaminated by outiers in UCR Archive for th&-NN classi er.

Shape segment DTW (SSDTW) [34], which repre-

sents local structure of the time series via segments Optimal transport warping (OTW) [46] an un-
before calculating the distance, balanced OT-based approach, which considers only
element-wise di erence in terms of position for fast
computation.

Gaussian weighted DTW (GW-DTW) [49] aweighted
variant of DTW, where the weights are normally
distributed. Evaluation methods. We use classi cation accuracy,
o which is the ratio of the number of correct predictions to
Drop DTW (Drop-DTW) [24], which introduces ad- he total number of predictions to evalutate performance of
ditional costs to DTW for dropping outliers, the k-NN classi er equipped with di erent distance mea-
Order-preserving Wasserstein (OPW) [64] an OT- SUTeS. In addition, to mak.e our evaluation more reliable, we
based approach for calculating distance between séonducted the McNemar's test [54] between the proposed
distance and each its competitors at the signi cance level of
guences, 5
Wasserstein subsequence kernel (WSK), which ap- Parameter tuning. We note that the performance of the
plies OT framework on subsequences instead of elek-NN classi er also depends on the number of neighbors,
ments of the sequences as in OPW, and denoted ag, in addition to the equipped distances. Thus, in
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(a) POW function (b) 1st derivative of POW (c) 2nd derivative of POW

Figure 6: An example of automatically selecting transported massfor POW. (a) Given two time series from the UCR archive
with outlier fraction of 0:23, the POW distance function with respect tos is calculated. (b) The rst derivative of the POW
function shows a sharp increase, which is the indicator for selecigg(c) Position of the indicator can be located by detecting
the highest peak in the second derivative of the POW function.

the experiments, we ran all the above classi ers vkithe-
lected from the setl; 3;5; 7; 15, 30". We used the Euclidean
distance measure as the ground distance between elements
of the two sequences for all the distance measures. For
the POW distance, we applied algorithm 2 to automatically
approximate the best transported magsr all the datasets.
The remaining parameterwas selected using grid search.
The best values of, which returned the highest classi -
cation accuracy on the univariate time-series datasets, are
summarized in Table 1. For Soft-DTW, we selected its
smoothness parameterfrom ~10; 1;0:1; 0:01; 0:001" and
found that it works reasonably well at= 1, which empiri-
cally agrees with [20]. OPW has three parameters, including

. and ,, which correspond to its regularization terms, and

, Which is required for computing the prior distribution of
the transport matrix, respectively. We again selected them
using grid search. During the process of selecting parameters (b) UCR datasets without adding outliers
for OPW, we found that it is unstable with relatively large

1-> 50/, which is coherent with the numerical stability Figure 7: Critical di erence diagrams showing the mean ranks,
analysis in section 4.3. Therefore, we sgt = 50. For which are obtair_led f_rom baS(_ed on the Wilcoxon signed-rank
most of the datasets, OPW showed optimal performance 4gSt: Of k-NN with dierent distance measures on20 UCR

, = 0:land = 1. For the remaining distances, their datasets (a) with and (b) _\Nlthout adding ou_tllers. The lower
parameters were set according to the original papers. the rank (further to the right) the better distance measure

R | d di ionTh i b f th compared to the others on average. The lines indicates that
esults and discussionThe outlier robustness of the here js no signi cant di erence in performance among the

proposed distance is proven to be heavily dependent on th§sances crossed by that particular line in terms of the

selection of the parametex; which represents the trans- Friedman test that compares ranks of multiple distances [22].
ported mass, as demonstrated in Lemma 1. Manually select-

ing proper values of for all the datasets can be a tedious
task. Fortunately, Algorithm 2 helps us automatically and

(a) UCR datasets with additional outliers

this value, Algorithm 2 examines the second derivative of

adaptively approximate the best values $orFigure 6(2)  poyw, searching for the highest peak, which indicates the
deppts the P,O W.dlstancc.a func.tlon with respecs[lm_rtween best approximation values far An illustration is provided
two time series in the BirdChicken dataset, which has an, Figure 6(c).

outlier fraction ofp = 0:23. Since the masses for allelements  \ysith 4 reliable approximation of, we then investigate
of the time series are equal and sum up to 1, the best valyge contribution of POW to the accuracy of the k-NN clas-
for the transported masssS = 0:77. According to Lemma ;o Taple 2 shows the classi cation results of a k-NN
2, we expect the rst derivative of POW to increase sharply |, er using various distance measures 2idatasets

ats = 0:77. This is validated in Figure 6(b). To detect (;,an from the UCR time series archive [21] and then
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Dataset Variants of DTW OT-based distances
DTW Soft-DTW SS-DTW GW-DTW Drop-DTW OPW WSK OoTW POW
BME 79.33 (1.18K | 85.73 (1.12K< | 83.47 (1.32K | 82.99 (1.24x< | 82.53 (1.59K | 84.27 (2.89K | 72.18 (1.75K | 80.14 (1.09K% | 89.47 (0.73)
BeetleFly 67.00 (2.58K | 60.00 (3.54x | 63.23 (2.16)< | 64.11 (2.83K | 68.46 (2.74) | 68.00 (2.55)K | 65.12 (3.09K | 62.87 (3.15)< | 80.40 (5.48)
BirdChicken 84.00 (2.11)E | 76.00 (4.18) | 65.60 (3.14x | 72.13 (2.51)< | 79.00 (4.48) | 58.00 (4.57)< | 62.03 (3.47x | 60.06 (4.25x | 75.28 (2.65)
Chinatown 93.44 (0.23K | 94.33 (0.70x | 92.38 (1.80)< | 93.17 (2.11)< | 95.98 (0.63K | 95.25 (0.88) | 94.17 (0.74)x | 91.04 (1.26)< | 97.98 (0.50)
Coee 75.71 (2.82x | 75.00 (2.53K | 76.01 (1.92x | 77.24 (2.12)< | 88.57 (2.99) | 89.29 (3.57) | 84.61 (2.68)< | 83.19 (3.02x< | 88.59 (3.42)
DistalPhalanxOutlineCorrect | 71.01 (2.56) | 70.51 (1.04x | 71.32 (1.10) | 70.41 (145K | 73.62 (2.18) | 69.78 (2.50K | 64.03 (2.87x | 65.56 (2.92< | 72.10 (1.43)
DistalPhalanxTW 57.70 (1.55) | 58.99 (1.83)F | 55.16 (1.38)< | 54.25 (1.53X | 56.42 (2.41) | 59.01 (3.81)E | 52.48 (1.74x | 53.55 (2.26)< | 56.69 (2.18)
ECG200 83.40 (1.26)< | 85.80 (1.10x | 84.09 (1.04x | 84.73 (1.25)K | 88.60 (0.89x% | 88.30 (1.52) | 86.05 (1.19< | 85.11 (1.77X< | 91.40 (1.52)
FaceFour 88.18 (0.62) | 91.36 (1.22< | 87.42 (0.98x | 86.15 (1.08)< | 93.18 (0.80) | 93.41 (0.51) | 90.16 (0.95K | 91.41 (1.20x | 93.86 (0.62)
Fungi 61.29 (1.29x | 72.80 (1.24x | 70.20 (1.39k | 71.11 (1.54)< | 83.33 (0.76) | 82.05 (1.49) | 74.52 (0.90x | 75.41 (0.87x< | 83.02 (0.95)
GunPoint 89.73 (1.30x | 92.40 (0.76) | 90.81 (1.31)x | 91.13 (1.06) | 93.73 (1.01) | 92.00 (0.67) | 91.02 (0.88)< | 90.09 (1.03x | 92.87 (0.87)
Herring 48.13 (1.23K | 42.50 (1.31)x | 46.05 (1.48) | 45.27 (1.28)< | 51.88 (4.34x | 50.89 (6.50)< | 48.98 (4.62)< | 47.49 (4.13Kx | 53.13 (3.31)
ItalyPowerDemand 89.83 (0.91)x | 92.06 (0.76)< | 91.16 (3.87)< | 91.42 (4.14)< | 93.37 (1.86) | 93.00 (1.39) | 91.52 (1.82x | 90.86 (2.57)< | 94.61 (1.30)
MoteStrain 75.89 (0.74)< | 76.20 (1.23x | 74.08 (2.14x | 75.15 (2.51)< | 85.83 (0.97) | 84.20 (1.41)x | 83.53 (1.25K | 82.25 (2.44K | 85.95 (0.63)
OliveOil 73.33 (2.22x | 76.67 (1.82< | 78.68 (2.00x | 79.12 (2.55) | 86.00 (1.49) | 84.27 (2.39) | 81.23 (1.83K | 80.11 (2.63K< | 85.44 (1.61)
Plane 96.76 (0.52)< | 97.80 (0.80x | 96.86 (1.12x< | 97.16 (1.27)< | 98.29 (1.43) | 99.00 (0.84) | 97.03 (1.22x | 96.88 (2.02x< | 99.24 (0.93)
SmoothSubspace 82.00 (2.31x | 84.66 (2.54)x | 83.23 (2.35)K | 84.37 (2.62)< | 85.73 (2.93K | 88.00 (2.26) | 87.53 (1.91K | 86.15 (2.01x | 91.60 (2.52)
SonyAlBORobotSurfacel 67.55 (0.64)< | 67.55 (0.86)< | 66.20 (1.03x | 67.12 (1.33x | 79.60 (1.49x | 85.69 (0.96)x | 82.27 (1.46)x | 84.13 (1.55x | 90.03 (1.28)
SonyAIBORobotSurface2 81.68 (1.03x | 81.99 (0.98)x | 80.02 (1.02)x | 82.15 (0.88)x | 85.86 (0.84) | 80.82 (1.64)x | 79.05 (1.53)K | 81.18 (1.32x< | 84.68 (1.10)
ToeSegmentation2 85.38 (1.15)K | 87.33 (1.17x | 86.22 (2.10x | 86.00 (1.67)< | 89.47 (1.85) | 88.15 (2.01)< | 87.64 (1.04)x | 86.81 (1.88K | 90.46 (1.42)
Average 77.57 (12.59) | 78.48 (13.88) | 77.11 (13.21) | 77.76 (13.18) | 82.97 (12.28) | 81.67 (13.43) | 78.76 (13.80) | 78.71 (13.65) | 84.84 (12.31)
Table 2

The classi cation results of k-NN with di erent distance measures on UCR archive datasets with additional outliers. The classi ers
were executed on each dataset ve times with varying proportions of outliers, and the average accuracy in percentage, along
with the standard deviations (in brackets), are reported. The highest accuracy for each dataset is highlightedboid. The
symbol < indicates that the corresponding distance measure performed worse than POW, while the syntbwlidicates that the
corresponding distance measure performed better than POW with signi cance at the level by McNemar's test [22].

Dataset Variants of DTW OT-based distances
DTW Soft-DTW SS-DTW GW-DTW Drop-DTW OPW WSK OoTW POW
BME 89.50 (1.20 | 97.20 (1.15)£ | 85.90 (1.30 | 85.10 (1.25E | 86.67 (L.55E | 83.33 (2.80) | 76.00 (1.70X< | 89.50 (1.10 | 83.67 (0.80)
BeetleFly 70.00 (2.50) | 65.50 (3.40)< | 63.50 (2.10) | 64.20 (2.80) | 65.80 (2.70)x | 70.67 (2.50) | 71.50 (3.00)£ | 67.00 (3.10x | 70.33 (3.30)
BirdChicken 75.50 (2.20) | 75.50 (4.10) | 75.80 (3.10) | 76.50 (2.60) | 69.50 (4.40x | 60.50 (4.50x< | 69.50 (3.40)K | 62.50 (4.20x% | 76.50 (2.70)
Chinatown 97.50 (0.30) | 97.50 (0.80) | 92.50 (1.90x | 93.55 (2.20x | 97.67 (0.70) | 74.93 (0.90x | 83.50 (0.80)< | 95.50 (1.30) | 98.00 (0.60)
Coee 99.80 (2.70)£ | 99.50 (2.50E | 96.20 (2.00) | 92.50 (2.10x | 89.28 (3.00x | 96.42 (3.60) | 88.80 (2.70x | 81.50 (3.00x | 96.80 (3.50)
DistalPhalanxOutlineCorrect| 72.20 (2.50x | 68.70 (1.10x | 64.50 (1.20)< | 70.70 (1.50X | 72.46 (2.20)< | 75.36 (2.60) | 69.20 (2.80x | 70.70 (2.90x | 74.43 (1.50)
DistalPhalanxTW 59.00 (1.80 | 67.00 (1.90)£ | 55.50 (1.40x | 54.50 (1.50)< | 59.71 (2.50K | 63.31 (3.90) | 61.50 (1.80) | 54.50 (2.30) | 62.80 (2.20)
ECG200 77.50 (1.30K | 84.90 (1.20< | 84.20 (1.10)x | 84.80 (1.30)< | 92.08 (0.90)£ | 88.40 (1.50) | 89.10 (1.20) | 85.20 (1.80x | 89.50 (1.50)
FaceFour 83.20 (0.70x | 86.40 (1.20x | 87.50 (1.00x | 86.20 (1.10)< | 88.63 (0.80)x | 93.18 (0.50) | 84.20 (1.00x | 86.50 (1.20)< | 93.50 (0.70)
Fungi 80.50 (1.30x | 82.00 (1.20)< | 80.50 (1.40x | 79.20 (1.50)x | 84.40 (0.80x | 94.08 (1.50) | 79.70 (0.90x | 82.50 (0.90x | 93.20 (1.00)
GunPoint 91.00 (1.20x | 98.00 (0.80) | 90.48 (1.30) | 91.20 (1.00)< | 94.00 (1.00x | 97.33 (0.70) | 94.33 (0.90x | 86.20 (1.00)< | 98.00 (0.90)
Herring 53.50 (1.30)< | 63.80 (1.40)£ | 56.30 (1.50) | 55.50 (1.30)< | 53.12 (4.40x | 59.37 (6.60) | 52.67 (4.70x | 60.70 (4.20) | 60.50 (3.40)
ItalyPowerDemand 95.00 (1.00)E | 94.65 (0.80k | 91.30 (4.00) | 91.50 (4.20) | 95.53 (1.90)£ | 92.03 (1.40) | 93.33 (1.90) | 95.00 (2.60k | 92.00 (1.40)
MoteStrain 83.00 (0.80)x | 88.89 (1.30) | 84.20 (2.20x | 85.30 (2.60)< | 86.50 (1.00x | 88.57 (1.40) | 88.67 (1.30) | 79.30 (2.50)< | 89.33 (0.70)
OliveOil 83.50 (2.20x | 46.67 (1.80x | 78.80 (2.00x | 77.30 (2.60x | 86.67 (1.50) | 86.67 (2.40) | 74.50 (1.80x | 79.30 (2.70x | 86.67 (1.70)
Plane 99.00 (0.50) | 99.00 (0.80) | 97.67 (1.10)< | 97.30 (1.30x | 96.19 (1.50K< | 98.09 (0.90) | 98.20 (1.30) | 96.00 (2.00x | 99.00 (1.00)
SmoothSubspace 83.50 (2.30K | 74.00 (2.50K | 73.50 (2.40x | 74.50 (2.70)< | 99.03 (3.00) | 99.33 (2.30) | 91.33 (1.90x | 93.50 (2.00)< | 98.67 (2.50)
SonyAIBORobotSurfacel 73.60 (0.70x | 62.22 (0.90x | 66.30 (1.00x | 67.20 (1.30x | 68.22 (1.50x | 78.36 (1.00) | 68.40 (1.50x | 77.20 (1.60) 77.20 (1.30)
SonyAIBORobotSurface2 83.10 (1.00x | 83.73 (1.00) | 82.10 (1.00x | 82.20 (0.90)< | 87.62 (0.80)£ | 80.07 (1.60x | 80.67 (1.50x | 84.30 (1.30) | 84.70 (1.10)
ToeSegmentation2 84.50 (1.20)< | 88.46 (1.20x | 86.30 (2.20K | 86.20 (1.70)< | 87.69 (1.90K | 90.20 (2.00) | 87.70 (1.10) | 84.00 (1.90x | 90.20 (1.50)
Average 81.72 (12.00) | 81.21 (14.76) | 79.65 (12.37) | 79.77 (11.94) | 83.04 (13.05) | 83.48 (12.41) | 80.14 (11.69) | 80.54 (11.82) | 85.60 (11.56)
Table 3

The classi cation results of k-NN with di erent distance measures on UCR archive datasets without adding outliers. For each
dataset, the original train and test sets were merged before being divided randomly into 5 equal folds. The classi ers were executed
on each dataset using 5-fold cross-validation, and the average accuracies in percentage on all the folds, along with the standard
deviations (in brackets), are reported. The highest accuracy for each dataset is presented in bold. The symhbioHicates that

the corresponding distance measure performed worse than POW, while the symbahdicates that the corresponding distance
measure performed better than POW with signi cance at thé~ level by McNemar's test [22].

contaminated by outliers. This table also includes the resultsan also mitigate the impact of outliers. However, these
from McNemar's test [54] conducted between the propose@pproaches appeared to be less e ective than the outlier-
distance and each of its competitors. We can observe thaemoving mechanisms of Drop-DTW and POW. Next, we
Drop-DTW and POW obtained the highest classi cation examine the performance di erences between DTW variants
accuracies on most of the datasets. From the results @nd OT-based distances. The results presented in Table 2
McNemar's test, we can also con rm that they signi cantly indicate that, in most datasets, OT-based approaches out-
outperformed most of the remaining distance measuregerformed the DTW variants. The best performance was
One prominent reason is that Drop-DTW and POW includeachieved with POW. This validates the importance of align-
mechanisms to exclude abnormal elements when aligningnent exibility when calculating distances, as it helps re-
the two time series. Consequently, they exhibit robustnesduce the e ects of local distortion and provides better match-
in the presence of outliers. Other distance measures, such exg between elements of the two time series.

those based on shape description and alignment weighting,
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We also evaluated the performances of k-NN with dif-
ferent distance measures on the original UCR datasets (with
no added outlier). For each dataset, we merged the original
training and test sets and randomly re-divided them into
ve equal folds. Then, the classi ers were executed on each
dataset using 5-fold cross-validation. The results are pre-
sented in Table 3, and the corresponding Critical Di erence
(CD) diagram is depicted in Figure 7(b). Notably, even in

(a) DTW the absence of outliers, POW maintains its position as the
best distance measure, albeit with performance di erences
that are not as signi cant as in the presence of outliers.
OPW reaches better performances than both Drop-DTW
and OPW (even if these dierences are not statistically
signi cant according to the Friedman test with=- 5~ . Both
POW and OPW are grounded in the Optimal Transport (OT)
framework. However, the proposed regularization in POW
e ectively mitigates numerical instability issues, resulting
in slightly better accuracy compared to OPW.

We then evaluate the performance of the aforementioned
distance measures on the Weizmann dataset. Figure 8 il-
lustrates the alignments generated by various measures for
two videos featuring di erent subjects performing a walking
action. Notably, Drop-DTW and POW demonstrate e ective
exclusion of abnormal frames from the alignment, thanks
to their outlier-removing mechanisms. In contrast, methods
like DTW and OPW align all frames, including the outliers.
This inclusion of abnormal frames signi cantly impacts
the distance calculation, leading to unreliable results. Fur-
thermore, the gure illustrates that POW achieves better
frame-wise matching compared to DTW and Drop-DTW.
Indeed, unlike these methods that strictly prevent alignment
between frames in one video sequence and those preceding
the already aligned frames in the other sequence, POW
o ers exibility inherited from Optimal Transport (OT).
This exibility is crucial in aligning frames from human
action videos with periodic patterns, where strict constraints
may lead to mismatches. As a consequence, alignment re-
sults of POW are more suitable for practical applications.
Table 4 and Table 5 shows the classi cation results on
the Weizmann dataset with and wihout adding outliers re-
Figure 8: Alignments returned by several methods on two video spectively, using k'NN with dierent distance measures.
sequences of dierent people performing the walking action 1hese tables also include the results of McNemar's test
taken from Weizman dataset. The solid lines show the frame- conducted between the proposed distance and each of its
wise matching and the fourth frame of the second sequence is counterparts. Notably, POW consistently enables k-NN to
the outlier, which is signi cantly di er from the other frames.  achieve the highest classi cation accuracy when the dataset

is contaminated by outliers, highlighting the advantages of
the proposed distance. On the original dataset, OPW and

Following many prior works in time series classi cation POW exhibit competitive performances and signi cantly
[37, 61] we further constructed a critical di erence (CD) surpass the remaining baselines. Although OPW facilitates
diagram to compare the performances of k-NN with di erentthe 1-NN and 3-NN classi ers in achieving the highest
distance measures in terms of statistical signi cance. Figur@ccuracy, its performances with the remaining valuek of
7(a) shows the CD diagram, which depicts the mean ranklo not exhibit signi cant di erences compared to those of
corresponding to each distance and indicates whether tWgOW. Therefore, on this dataset, we can consider POW as a
distances exhibit a statistically signi cant di erence in per- Viable alternative to OPW, with the advantage of numerical
formance based on the Wilcoxon signed-rank test 0:05)  stability.

[22]. The conclusion is consistent with the ndings from
Table 2.

(b) Drop-DTW

(c) OPW

(d) POW
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Distance 1-NN 3-NN 5-NN 7-NN 15-NN 30-NN

DTW 69.50 (4.05x | 45.25 (5.14x | 72.00 (3.69k | 69.75 (5.58Kk | 64.70 (3.59k | 66.82 (4.21x
Variants | SOft-DTW | 52.50 (4.54)< | 58.25 (3.55K | 55.25 (4.17< | 54.25 (4.11K< | 53.27 (3.92)< | 55.21 (3.83K
of SS-DTW 60.42 (3.50x | 59.55 (4.15x | 57.03 (4.11x | 59.25 (3.47x | 54.12 (3.99x | 56.62 (4.05x
DTW GW-DTW | 65.61 (4.15x | 52.61 (3.91x | 62.55 (4.37x | 60.15 (4.19x | 61.08 (3.94x | 63.28 (3.73K
Drop-DTW | 79.50 (3.83% | 80.25 (4.16< | 77.75 (3.68< | 71.25 (3.76K | 73.24 (3.72Kx | 76.60 (4.19x
OPW 76.25 (3.56)< | 81.34 (3.92)< | 75.54 (3.48)< | 78.46 (3.52x< | 79.03 (4.17x< | 79.62 (4.23K
OT-based WSK 79.67 (4.16< | 80.82 (4.13x | 79.32 (3.87k< | 81.01 (3.82) 77.77 (3.93x | 78.82 (3.78k
distances OoTW 75.54 (4.48 | 76.55 (4.16< | 77.05 (3.92k< | 76.59 (4.18Kk | 76.42 (3.85Kk | 76.69 (4.01x

POW 92.00 (3.08) 95.25 (3.12) 86.75 (3.09) 81.25 (3.17) 84.12 (3.05) 83.86 (3.21)

Table 4

The classi cation results of k-NN with di erent distance measures on the Weizmann dataset with additional outliers. The classi ers
were executed on each dataset ve times with varying proportions of outliers, and the average accuracy in percentage, along with
the standard deviations (in brackets), are reported. The highest accuracy for edclis presented inbold. The symbol< indicates

that the corresponding distance measure performed worse than POW, while the symbuwidicates that the corresponding distance

measure performed better than POW with signi cance at thé&~ level by McNemar's test [22].

Distance 1-NN 3-NN 5-NN 7-NN 15-NN 30-NN
DTW 87.50 (4.35x | 82.50 (4.27x | 82.50 (3.88k 80.40 (4.20) 77.30 (3.75Kx | 79.94 (4.45K
Variants Soft-DTW | 88.30 (4.48x< | 82.10 (3.22x< | 82.10 (3.05x | 80.80 (3.45x | 79.67 (3.13x | 79.67 (3.51x
of SS-DTW 83.50 (3.77x | 79.45 (4.03x | 80.05 (4.27x | 79.58 (3.89x | 75.62 (4.08x | 76.33 (4.21x
DTW GW-DTW | 85.81 (4.35K | 82.55 (4.11)< | 82.03 (4.65x | 80.37 (4.41x< | 81.05 (3.87K< | 79.32 (3.85K
Drop-DTW | 89.33 (4.05K | 83.75 (4.71< | 79.57 (3.83K< | 81.54 (4.05K | 79.44 (452X | 75.67 (3.94K<
oPW 97,50 (3.42) 95.00 (3.86) 90.41 (2.37) 87.33 (3.48) 84.12 (4.35) 81.16 (4.52)
OT-based WSK 87.42 (3.98< | 84.64 (4.42< | 84.22 (3.95x | 80.11 (3.52k | 76.38 (3.37< | 75.87 (3.48x
distances OoTW 85.67 (4.18< | 85.85 (4.53 | 83.36 (3.84x | 82.87 (4.24Kx | 79.84 (3.94x | 77.67 (4.15K
POW 96.67 (3.44) 94.14 (3.17) 89.50 (3.31) | 88.67 (3.63) 84.42 (4.10) 82.46 (3.83)
Table 5

The classi cation results of k-NN with di erent distance measures on the Weizmann dataset without adding outliers are presented.
The dataset was divided into 5 equal folds, and the classi ers were executed on each dataset using 5-fold cross-validation. The
average accuracy in percentage on all the folds, along with the standard deviations (in brackets), are reported. The highest
accuracy for eachk is presented inbold. The symbol< indicates that the corresponding distance measure performed worse than
POW, while the symbol£ indicates that the corresponding distance measure performed better than POW with signi cance at
the 5~ level by McNemar's test [22].

D3TW [16] that learns to align video frames with its
step labels using a di erent di erentiable formulation
of DTW and a discriminative loss,

6.2. Multi-step localization

DatasetsIn our multi-step localization experiments, we
used three recent instructional video datasets: Cros$Task
[80], COIN? [67], and YouCook2[79]. CrossTask includes .
2750 videos showing 18 di erent tasks, while YouCook2
has 2000 videos covering 89 recipes, and COIN contains
11827 videos with 778 procedures. We processed these
datasets using a pretrained vision and language model to ~
get embeddings for video frames and steps. Each dataset
was divided into training, validation, and testing sets with a
ratio of 60/20/20. Although all datasets provide frame-wise
labels for the start and end times of each step in a video, we ! - - k
only considered a set of steps in a weakly-supervised mode. ~ Stepsinthe given setusing ow graphs and align them
It is worth noting that our approach di ers from previous with frames using Drop-DTW.

work, where sequences of steps following the exact order of|gte that all the above methods require to specify ground
occurrences in the video were required. distance between frame and step embeddings in advance.
Compared methodsWe compare our methods with the For a fair comparison, similarly to [24, 25], we use cosine
following weakly supervised baselines: distance as the ground distance for all the methods.
Evaluation methods.We assess the performance of the
proposed methods and baselines using two distinct metrics.
The rst metric, Framewise accuracy (Acd$7], calculates
the proportion of correctly labeled frames (excluding out-
liers) relative to the total number of frames. The second

OTAM [15], which is an extension of BTW that
allows skipping through outliers at the beginning and
end of video sequences,

Drop-DTW [24] that aligns frame and step embedings
using DTW framework equipped with mechanism to
drop irrelevant frames,

~ Graph2Vid [25], which capture all possibe orders of

2https://github.com/DmZhukov/CrossTask
Shitps://coin-dataset.github.io/
4http://youcook2.eecs.umich.edu/
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Method CrossTask YouCook2 COIN

Acc. loU | Mc | Acc. loU | Mc | Acc. loU | Mc
D3TW 11.23 | 9.31 < | 2672|2273 | < | 2372|1977 | <
OTAM 18.86 | 10.84 | < | 3320 | 2645 | < | 28.66 | 21.18 | <
Drop-DTW | 67.34 | 1991 | < | 4892 | 3116 | £ | 50.74 | 23.25| <
Graph2Vid | 68.12 | 20.24 | < | 48.64 | 32.31 51.44 | 22.92 | <
POW 68.30 | 19.25| < | 4751 25.66 51.93 | 2353 | <
SRPOW 70.31 | 20.55 47.23 | 28.99 53.84 | 25.65

Table 6
Results of di erent methods performing multi-step localization
inference tasks on CrossTask, COIN, and YouCook2 datasets.
The highest scores for each datasets are presentediid. The
column "Mc" shows the result of the McNemar's test. The
mark < indicates that the corresponding method performed
worse than SRPOW with statistical signi cant at the5~ level.
If the mark is £, the corresponding method performed better  Figure 9: Step assignment results on an instructional video
than SRPOW with signi cance at the 5~ level. of making Kerala Fish Curry from CrossTask dataset of the
proposed methods and baselines. Di erent colors correspond
to di erent steps.
metric, Intersection over Union (IoU]79], quanti es the
overlap between predicted and actual time intervals for each
step label. It is determined by dividing the sum of the
intersections of these intervals by the sum of their unions.
It is worth noting that loU is the more stringent of these
two metrics because it heavily penalizes any misalignment.
In addition to the above two metrics, we also conduct the
McNemar's tests [54] between the proposed method and
each baselines. The signi cance level was set to0:05.
Parameter tuning. SRPOW has three parameters: the
transported mass the parameter for order regularization;
and the parameterfor segment regularization. During the
training phase, we set as the ratio between the number
of outlier frames and the total number of frames since
the ground truth labels for each frame were provided inFigure _10: Step assignment results on an instructional video
advance. In the inference phase, we employed Algorithrﬁ)f making Merlngug from .CrossTask dataset of the prgposed
2 to automatically approximate the best transported masglethods and baselines. Di erent colors correspond to di erent
s. The remaining two parameters were selected through aeps
grid search. Note that, when = 0, SRPOW reduces to
the original POW version. Therefore, in our experiments, we ) . ) ) )
also set to zero for an ablation study. For the Graph2Vid datase_ts. This reSI_JIt validates the e ectiveness of its outlier-
method, we utilized the ow graphs provided by the au- "€Moving mechanism. ,
thor$, which were constructed for the CrossTask dataset. Craph2Vid extends Drop-DTW by constructing a ow
For the two remaining datasets, we generated the ow graphgraPh to capture all possible orders of action steps in the
based on the step information provided in the ground truthdiVen set for each video. Therefore, it can handle videos
following the procedure proposed in [25]. Parameters for thdVere people perform the same activities in di erent orders.
remaining methods were set according to the original papers-fable 6 shows that Graph2Vid achieves slightly better results
Results and discussionTable 6 shows the results of than Drop-DTW on CrossTask and surpasses all the com-
di erent methods on the multi-step localization task. We Petitors on YouCook2 in terms of the loU metric. However,
also visualize the results for two video examples in Figure<Ve note that Graph2Vid constructs the graphs assuming that

9 and 10, respectively. It is evident tha¥ W, solely based each step occurs only once in each video. This assumption
on DTW, performs poorly on all the datasets. Since pTwis unrealistic, as can be observed from the ground truth

lacks a mechanism to remove outlier$TV cannot exclude  depicted in Figures 9 and Figure 10, where a step can be

irrelevant frames, such as people talking and advertisementé€Peated several times in a video. _
from the alignment. OTAM mitigates this issue with the Similar to Drop-DTW, POW and its segment-regularized

ability to skip outlier frames at the beginning and end Version are equipped with an outlier-removing mechanism

of video sequences. However, as outliers often interspersfl0se parameter is selected automatically and adaptively
within video sequences, OTAM appears to be ine ective.from the data. Therefore, the proposed distance measures,

Drop-DTW outperforms both BTW and OTAM on all the 8 exhibited in Table 6, show signi cant improvements over
D3TW and OTAM. By inheriting the exible alignment

Shttps://github.com/SamsungLabs/Graph2Vid ability from the OT framework, POW and SRPOW can
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shapes but di ering evolution speeds. For instance, younger
people often execute a speci ¢ physical activity more rapidly
than their elder counterparts. In such scenarios, facilitating
transportation between some elements with distant posi-
tions becomes imperative. Hence, we are currently explor-
ing novel regularization techniques that can accommodate
sequences with both similar and di erent evolution speeds.
Second, a noticeable trend in recent research involves
integrating distance measures for sequential data into deep
neural networks (DNNs). Given that POW is also grounded
in the OT framework just like OTW, there also exists po-
tential for its integration into DNNs. In addition, recent
advancements in DNN architecture, such as subnets formed

assign frames to their corresponding steps, disregardirﬁé r?sﬁﬁsst()ofer;?gr?gjcilspgcr:(i)ti)/o:lﬁg Irne([;uf:]é F::rgrii)ztt;ri]ozzl-
repetitions and the local swap in the order of th i )
epetitions and the local swap in the order of the actio workloads [72, 77, 76] of DNNSs. Incorporating the proposed

steps. It is worth noting from Figures 9 and 10 that POWd_ ¢ ithi h | hitect ¢
divides several steps with long durations in the videos into Istances within such nove! architecture represents a new

many fractions, which negatively a ects its step assignmentand exciting avenue for our future research.
results. SRPOW with segment regularization, in contrast,
produces much smoother results. Thus, its step assignmeAt Proof of Lemma 1
is more consisten_t with the g_round truth than the qriginal In this appendix, we provide a detailed proof of Lemma
version of POW. Figure 11, which compares step assignment racall that
results between POW and SRPOW in a video example from
the COIN dataset, further reinforces the assessment above_l._< R L 4t g 0 i, 12t
= argmin Lt Lol
_ *oTe s<g'uN wlistjer o e MM
7. Conclusion 27)
In this paper, we introduce a novel distance measure - N*
called Partial Ordered Wasserstei(POW) for sequential Wheres™ = - is the total mass that corresponds to normal
data. Built upon the OT framework, POW possesses twél€ments in sequence. We aim to show thal  has no
particularly bene cial properties. First, POW can produce €Ntryti; > Osuchthai E I °. In other words, no mass that
exible alignments to handle local distortions in sequences cOrresponds to outliers i is transported t&'.
Second, it allows for limiting the amount of transported e prove this by contradiction. Speci cally, we assume
mass to prevent outliers from deteriorating the alignment andhat there is at least one indéx E | * such that , > 0.
in uencing distance calculations. We provide theoretical hen, we have the following:

Figure 11: Step assignment results on an instructional video
of replacing rearview mirror glass from COIN dataset of the
POW with and without segment regularization. Di erent colors
correspond to di erent steps.

proof that, by properly setting the amount of transported E B
mass, we can eliminate all outliers while retaining all normal ti<'j < s (28)
elements in the alignment and calculation results. iEl*j=1

To facilitate the computation of POW, we introduce AN This inequality indicates that all the mass from normal

algorithm for autqmatlc and adaptive selection of the beStelements i is not fully transported t&' . Therefore, there
value for the portion of transported mass, based on sudden . et

. . . . exists an index™ E | ™ such that

increases in the rst derivative of the distance. We exten-

sively study the applications of POW in time-series classi- i - 1
cation and multi-step localization tasks. Additionally, we by Sy (29)
propose a segment-regularized version of POW SRPOW =1
to enhance its performance in multi-step localization. e 1.3 M <
Extensive experiments on widely recognized benchmark&‘at = min e g j=1 ti+;J - We then construct a

were conducted for both tasks, and the results con rm thé'€W transport matriff< from T5 as follows:
advantages of our proposed distance measures over existing

competitors. E tE W ifi=i";j=k
_ e s
Although POW has shown promising preliminary re- i =1 Giy* ifi=i )= k (30)
sults, there are still some interesting open problems for Jn t,<] otherwise

future research. First, akin to existing OT-based distances _ B
like OPW [64], POW employs a regularization term to force It is obviously thafT« E RY*M . Furthermore, we have
transportation within elements possessing relatively simi-
lar positions in their respective sequences. However, under fi _ e

! . . . NTS<1M - t'J - S<. (31)
certain circumstances, two sequences may exhibit identical
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This is becaus& is only di erent from TS at two entries
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tj . andt;+... However, it is clear that

— <
ti* 'k + ti+;k = ti* K *

Therefore, summation of their entries remains the same. W@nd N

<
+ ey

+ :ti<*

K + ti<+;k (32)

also have
Te<ly f Uy (33)
because
14 i 1 o
ty = tf = Alnrit it (34)
j=1 =0 N
& 1
ti*;j = I<,J * f W’ (35)
i=1 i=1
and ti*’;j = tI<+J +
=1 i=1
j j H |
. 1
= tS. +min S, = s
*, kK *,
j:l v ! N J=l i
f Ni: (36)
T also satis es
TRy f ouy; (37)
because
B 1 .
ti;j = t|<] f V Aj ¢ k, (38)
i=1 i=1
g
and  ty = Ui * G+ G
i=1 i=1;
iA it
_ EI t< + t< * + t< +
- ik ik itk
i=1;
it
1
= ts, f —: 39
i=1 WM 9
From (31), (33), and (37), we havB<« E .Uy ;Uy/.

Recall thatT is only di erent from TS at two entries of

index.i" ; k/ and.i*; k/, therefore, we have

3 3 4 . .
M d. + L
i=1 j=1 1] N M
3 3 4
* Mg+ L 1
i=1 j=1 Yij N M
4 25
_ ! K <
= deact N W G
4 25
+ Aoy + Lok K < x
A v v
: i . k2 i
—_ * * *
= ekt gt T ik

g A= g * vy (40)

% 2
Equation (40) is derived from the facts thz%— * ML go

ok

2
f 1. Recallthat- , g C.dpo+ /, while
di+.x f dyax Therefore, we have

div g * vy * go (41)

This contradicts to the fact tha'r;< is the optimal solution

of the problem (27). As a result, the assumption is incorrect
and we can conclude tha@fz has no entr)t;j > 0 such that

i E1”. The proof is completed.

B. Proof of Lemma 2

This appendix provides a detailed proof of the Lemma 2.
From de nition of the derivative, we have the followings

POWy .y.5 / _ . POWy. .S + s/* POWy.y.5%* /

) XY = lim Ky W v . (42)
)S s™(Q S

P OWy .y .5+ / . POWy .y.SS+ + s/* POWy.y.S5+ /

) XY = lim W .y W .y . (43)
)S s™(Q S

where sis a very small mass that satis€sg s <

From Lemma 1, we know that bofff;, andTZ, , (have
no entries of indexi;j/ such that E | . Therefore, the
additional mass s is transported from normal elements of
X toY. This implies that

POWX ;Y'S<* + S/* POWX ;Y'S<* /f Se dmax: (44)

Substituting (44) into (42), we have

)POWX;Y.S<* / . se d
3 f “smo—smx: Amax  (45)

Similarly, it is obvious thalf 2, starts to trasnport masses
from outliers inX to Y as it total transported mass is
now larger thans®. Therefore, considerings, , ., the
additional mass sis de nitly also trasnported from outliers.
This implies that

POWy.y.s"+ + s/* POWy.y.55+ /g s* C.pat I
(46)
Substituting (46) into (43), we have
POWy .y.55+ [/ se C.d o+ /
(47)

The proof is completed.

C. GCG algorithm for SRPOW

In this appendix, we drive the generalized conditional
gradient (GCG) algorithm for solving optimization problem
(26) of segment regularized - POW (SRPOW). In general,
the GCG algorithm framework addresses the scenario of
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Algorithm 3 : Generalized Conditional Gradient LetJ be theM « N matrix whose entries are all 0 except
1: Initialize k = 0 andT? E B; one at position; j , whichisequaltd. Let T = J,where
2: while not convergencdo > Oistiny. Then

X . oo k ~ ~
3 WIthGE(T T%, solve LT+ T/ o= Tr T+ TISOST+ T/

T? = argminéT; G&: + g.T/; = Tr TSOSTM +7r TSASTh

T +Tr TSTS TH +Tr  TSfs TF
Tr TSTSTH +Tr  TSAsTh
+Tr TSs 711

c/

4:  Find the optimal stepX

K=argminf Tk+ T +g Tk+ T

of 1 = Tr TS"sTh +2Tr TSis Th
with T=T7* Tk = . T/+2 TS's; T
5. Tk} Tkt kK T setk} k+1; = . T/+2 TSis:J : (53)
6: end while
Comparing thisresultwith T+ J/0 . T/+ ))'t”T’;We
. 1)
constrained minimization of composite functions de ned asontaln
))'t—T/ = 2 TSTs;J
Tm_Ejgf T/+ 9T/ (48) i o
= 2T7r Tsis "y
wheref . / is a potentially non-convex di erentiable func- N
tion, g. / is a possibly non-di erentiable convex function, = 2Tr S'ST'J : (54)
and B represents any convex and compact subseR®bf
Details of GCG for solving the general problem (48) areR(:errenc;(:)S

presented in Algorithm 3.
The GCG algorithm has been shown in [9] that it con- [1] Abanda, A., Mori, U., Lozano, J.A., 2019. A review on distance based

. . time series classi cation. Data Mining and Knowledge Discovery 33,
verges towards a stationary point of (48). In the case of 378 412 g g y

SRPOW, we set [2] Aghabozorgi, S., Shirkhorshidi, A.S., Wah, T.Y., 2015. Time-series
A A2 clustering a decade review. Information systems 53, 16 38.
f.T/=éD; Ta: + §ST”§F (49) [3] Albregtsen, F., et al., 2008. Statistical texture measures computed
0 1, from gray level coocurrence matrices. Image processing laboratory,
_ B i . j ) department of informatics, university of oslo 5.
and g.T/= N M [ (50) [4] Altschuler, J., Niles-Weed, J., Rigollet, P., 2017. Near-linear time
i=1j=1 approximation algorithms for optimal transport via sinkhorn iteration.
andB = TNy /. Then algorithm 3 can be ultilized Advances in neural information processing systems 30.

. R [5] Arici, T., Celebi, S., Aydin, A.S., Temiz, T.T., 2014. Robust gesture
to solve the problem (26) of SRPOW. Sing€T/ is di er- recognition using feature pre-processing and weighted dynamic time

entiable, stronger convergence results can be obtained. We  warping. Multimedia Tools and Applications 72, 3045 3062.
further denote. T/ = QSTﬁQ,Z: and ndthat . T/is also [6] Bai, L., Cui, L., Zhang, Z., Xu, L., Wang, Y., Hancock, E.R., 2020.

. . . . . . Entropi namic time warping kernels for co-evolving nancial tim
di erentiable with respect td . Computation of its gradient ropic dynamic time warping kernels for co-evolving nancial time
series analysis. IEEE Transactions on Neural Networks and Learning

(. TX/isderivedin more details in Appendix D. Therefore, Systems .
step3 of the algorithm 3 boils down to [7] Blondel, M., Mensch, A., Vert, J., 2021. Di erentiable divergences
. between time series: Proceedings of the 24th international conference
? - . K=
T - __argml_n er;D + ( - T /Q: on arti cial intelligence and statistics.
TE sUnium/ [8] Bock, C., Togninalli, M., Ghisu, E., Gumbsch, T., Rieck, B., Borg-
[l 0 . 1o wardt, K., 2019. A wasserstein subsequence kernel for time series, in:
+ L J_ ti'j (51) 2019 IEEE International Conference on Data Mining (ICDM), IEEE.
=1 =1 N M ‘ pp. 964 9609.

) .. [9] Bredies, K., Lorenz, D.A., Maass, P., 2007. A generalized conditional
Interestingly, the problem at hand corresponds to the original ~ gradient method and its connection to an iterative shrinkage method.
POW problem. Therefore, we can ultilize matrix scaling Computational Optimization and Applications 42, 173 193. doi:
algorithm to e ectively solve it. 1007/510589-007-9083-3 o _ o

[10] Buza, K., 2018. Time series classi cation and its applications, in:
Proceedings of the 8th International Conference on Web Intelligence,
D. Gradient computation of segment Mining and Semantics, pp. 1 4.
. . [11] Buza, K., Antal, M., 2021. Convolutional neural networks with
regularlzatlon dynamic convolution for time series classi cation, in: Advances in
We have Computational Collective Intelligence: 13th International Confer-
. . . . ence, ICCCI 2021, Kallithea, Rhodes, Greece, September 29 October
T/= §5Tﬁ§2 _ §-|- Sﬁ§2 —Tr TSPSTH : (52) 1, 2021, Proceedings 13, Springer. pp. 304 312.
. . = :
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